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-PREFACE 



' ThiS'book starts the second course of a mathematics 
sequence for the seventh and eighth, grades i The content for th^ 
sequence Is being selected to swerve as a vehicle for the develop- 
ment of relevant computational'skills, mathematical reasoning , and 
geometric p-erception in three dimensions. The application of math- 
ematlcs^to the social and natural sciences is als'b^n important fac- , 



i^ai 



tor in the selection of material 



^ The style of the sequence encourages Individual a swell 

as group work^ thus developing the cpmmunlcatlon skilly In the con- 
« 

text of mathematics. Strong emphasis Is placed on st\i.dent acti<^l- 



ties, many of which are manipulative. 



To serve a broad spectrum of students In he^rogeneous 
classes, the material Is divided Into five types of secdtlohs, "ihreg 
types constitute Jihe main core: . ^ / ' - * » 




Activities by the whole class., small groups 
or Individuals; ^ \ 

' ... ^ 

Short reading sections, to obe assigned, aqd 
discussed or to be read In class; and, ,. • 



Questions to be worked Out at home or ill 



T 

/ 
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Sections indicated by imM are intended to help the student who 




has a weaker background: and sections indicated by provid 
extra challenge and pleasure for the strqng^ly motivated student. 

The development of this proje^ Is supported byja grant 
from the National Science Foundation. 



Url Haber-Schalm 
Project Director 
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SECTION 1 VISUALIZING THE CUBE 



When we describe a table we are likely to speak'of Its 
lielght, length, and width. Describing a swimming pool, we speak 
of length, width, a-nd "depth. We can put a pair-of shoes, a type- 
writer, or any otliier object In a rectangular box. The box has a 
length, a width, ancj a depth. *They are^ called the dimensions of 
the box. All objects In our world have three dimensions. Yet we 
do much of our comm^unlcatlng on two-dimensional surfaces Such 
as a sheet of paper or a television spreen. . ^ 

Because^f this fact we hav6 two klnds*of problems: 'how 
to visualise a three-dlmensionaLobject from a two-dlmensloHal 
drawing, andfhow to draw a .three-dlmenslgnal obje^it on a two- 
dlmenslonSl surface.' • . , 



We shall Begln^thls course with work on the f irst of these 
problems".^ As an Introduction we rglse some questions about cubes 
A cube (Figure 1) has six square faces, twelve edges of the same 
length/ ancl eight corners . 
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Suppose you were to paint each face of a cube. What is the 
smallest number of colors you would need so that notwl? faces 
having a common edge are painted the same color? 



Suppose a large die fits sriygly into a shipping box. ^ ^ . 

(a)r In how many dlffereiit ways can the die be'-placed In the 
box so that the face with Vhree dots will be showing when 
the lid of the box Is opened? (Figure 2) ' 



Figure 2 




(b) In how many ways can the die be placed In the box so- 
that the face with the three dots will not be showing when* 
the lid Is opened? 

^ * ' V 

(c) All together, In how many ways can the die be placed In 

the box? * * ^ 



3. 



Consider two lines idrawn on a sheet of paper. If both lines 
are perpendicular to a third line, then they must be parallel- 
to each other. If two lines are perpendicular to a third line 
on a cube, must they also be.parallQj.to each other? * 



Painted on eac|[ face of a cube Is one of these shapes: 

Three views of thi*s cube are 



shown in Figure 3; 



,8- 
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(a) Use a piece of chalk to draw these shapes on the faces 
of a wooden cube so that three views of it will corresporid to the 
three views shown in Figure 3. j \ 

(b) On your cube which ^hape is-opposite ^ ? 



\ 



(c) Which' shape is on the bottom of Figure 3(a)? 



There are calendars that show the day of the month by using 
two cubes as in' Figure 4 . Using both, cubes- you can form all 
the numbers 01, 02, ... #.31. How are the numbers painted 
on the faces of the two cubes to make rSuch a calendar? 




Figure 4 
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SECTION 2 PAT'TERNS FOI^ CUBES' 

^ ■ . ' 

A solid cube and Its .faces are very different things. A cube 
may be h^avy or light; It makes no sense to say that a cube has 
heavy faces,. OrTthe, other hand, the' faces of a cube may be rowgh 
or smooth,- but the cube. itself is neither. There are ways to help ^ 
you visualize how the faces of a cube fit together to form a cube. 
One good way is to make a cube by cutting out a pattern like the " 
one in Figure S-ai^d making folds on the 'dashed lines. 



Flg.ure 5 










1 
1 
1 


1 
1 
1 

1 


I 






1 











The steps for making a cube from this pattern are shown, in 
Figure 6. . , . ^ 




< 



\ . 
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5; Whldh patterns In Figure 7 can be folded into ^ cube? 

(b) 



(a) 





















Flgute 7 . 



(c)' 

















(d) 



(e) 



(f) 



Each pattern In Figure 8 wlU make a cube. If the face labeled 
B In each pattern becomes the bottom when folded, which face 
becomes the top? Label each of these faces with the letter T. 







(a) 




. 1 
B \ 

i 


r 











Figure 8 



(b) 








B. 





















i. 


B 







(d) . 






B 
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7. On a die, when you add the numbers on opposite faces you 
always get^even. Number the faces on the patterns in 
Figure 9 so that the. cubes are nuijibered the Same way that 
dice are, ' 



(a) 



figure 9 







f 










(h)- 







8.N The pattern In Figure 10(a) can be used to make'^a box that 
wfiir hold one^dle. 













y 






u - 






Fig 



Can the pattern .in Figure! 6(b). be usWto hiake a box that 
will hold two dice? • ' /' ' 

Figure 11 shows how the three comers marked ^-on the - 
pattern come together whdn the pattern Is folded to make a cube. 





/ 

b 
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Your teacher will give yoli foui;^pattems t;Jiat make closed 
three-dimensional objects. Color code the comers, of each pattern 
so. that the C9biers that cyme together are colored the samfe and the*^ 
p^niers J:hat do not come together are colored differently. Then cut 
dut the patterns to checJc your color cojde. - • . 
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UNFOLDING THE CUBE 



W,e saw how some flat patterns could be folded Into hollow 
cubes. We. can also do the^rp<?erse, That Is, by starting with a • 
hollow cube, we can flatten It out by cutting along some of the 
edges and unfolding It. , . • " 



Imagine a hollow cube, as ^n Flg^e 12, with a stripe run- ' 
nlng over four of the faces. Decide Ijeyfyou would unfojd the cube 
so that the' stripe Is broken In 

(a) four places 

(b) two places 

(c) one place. 



Figure 12 




^^a.- 1- 



5w a flat pattern for each. Be sure to mark the stripes on each 

I 

pattern. Then vcompare your patterns with, your classmates' . Check 
your resists by folding the patterns Into cubes . 




9. 



10. 



Two adjacent faces of a cube (that Is, two faces Sharing an 
edge) are painted red. 

(a) Show how .you can^unfold the cube so that the red facets 
remain adjacent on the unfolded pattern., * ' 

' (b) Show how you tan unfold the cube so that the red faces 
are no longer adjacent on the unfolded pattern. ^ 

Three faces of a cube that meet at the same comer are-^^inted ^ 
blue^ ^ ' ^ 

(a) * Ca n yo^unfold the cube In such a way th^it tha three f^ces 
still meet at a corner? * . 

(b) On the cube, every two of tF^e three bliae facets are adja- - 
cent. Is this also true when you unfold the cube? * 



Jlgure 13 shows two points on the faces of a cube. Point P 
Is on one, face near an edge, and point 0 Is on an adjacent 
face near the same edge. 



Figure 13 




(a) How would you unfold the cube so that the two points are 
ai^ close cts possible on the unfolded pattern? ' 

(b) How would you unfold the cube so that the tvs^o.polnts are 
as far apart as possible on the unfolded pattern? ^ ' 

(a) Mark points P and Q on a piittem as In Figure 14(a). 
Cut it out so that lt,flts over your wooden cube. Wrap the pattern 



/ 



14 



around your and tape it together. Now hold the cube so that 
you can see points P and Q as in Figu/9 14 (b^. 







p 










••••••• 


(a) 


4 




Figure 14 



Figure 15 shows three paths, paths J, K, and L, that con- 
nect fx^int-s P and Q; Use different color* to copy these paths, onto 
the pattern covering your cube. Measure Qjach path to find out which 
is the ghortest. 

Figure 15 MIDPOINT OF EDGE 

P 




PATH J 



PATH K 




PATH L 



What do you think the three paths will look like when the 
pattern is unfolded? Unfold the p^lttem. What do. you notice about 
the shortest path when you look at the unfolded pattern? 
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(b) Figure 16 shows mW^lnts marked on two face^of a 
cube. What Is thS shortest path between them? Draw an unfoldecf 
pattern for this cube with the two points and the shortest path 
marked on It. Is/the' path unbroken? ' ' . ' 



Figure 16 




/ 



(c) Is the path shown In Figure 17 the shortest path over 
th^ fac^s connecting points P ^nd Q? Use a pattern to help you 



find out. 




MIDPOINT OF FACE 



Figure 17 



MIDPOINT OF EDGE 



/ 



(d) Choose two different points on adjacent faces of your 



cube. Between these points find the shortest path crossing the edge 
common to both faces. 




12. 



In Figure 18, which Is the shortest path over the faces con- 
necting P and Q? Mark points P and 0 on your cube and un- 
fold the cube so that the path In Figure 18(a) Is not cut. Again 
mark points P aAd Q.on your cube and unfoi%the cube so thiat 
the path In Figure 18(b) Is not cut. What do yoy notice abo^it 
the two paths? Which path Is shorter? Can you find the 
shortest path between P and Q? ' 



7 
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13. Imagine a planet In the shape of a 'cube. A map of this planet 
can be made by building a paper model and unfolding It, 

Figure 19 shows one possible shape for such a map. The 
points P, .Q, and S stand for cltfe's. Use your ruler to find 
the distance on the map between cities 

(a) P and Q 

(b) R and S ' 

(c) P ani 







-* 

Figure 19 
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SECTIQN 4 CROSS SECTIONS OF A CUBE 



If we take a three-dimensional object and slice It with a 
saw or a knife we see a two-dimensional face that Is called a ' * 
cross section. You have seen caress sections before — for example, 



17 



ci cross section of an apple, of a loaf of bread, or of t^ie trunk of 
a tree (Figure 20). ^- ' 




'Figure 20 

ft* 

What kinds of cross sections does a cube have? 

Get together In small working groups, and practice using • 
the clay cutter. With the cutter make a number of clay cubes about 
3 cm on a side. Without cutting the cubes, try to answer the fol- 
lowing questions. Then use the cutter and the cubes to check your 
answers. 




14,. When you slice a cube parallel to one of Its faces,, what will 
• the shape of th.e cross section be? 



15. Show that It Is possible to get a square, cross section when 
a cube Is not cut parallel to one of Its faces. ^ 

16. Show how you can slice a cube andget a rectangle that Is 
{h) ^taller than It Is long 

' (b) longer than It Is tall; 



18 
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Each of the cuh^ in Figure 21 is marked with three points. 
All of these pmnts are midpoints of edges. Suppose you ciit 
=*each of the cubes along a^plane pissing through the marked 
points. What will the cross section look like in each cas^? 



Figure 21 




Any cross section tkdt you can cut from a cube has the shape 
of a polygon. Make a list of the different-shaped cross sec- 
tions you get in Question 17. List them by the number of . 
sfdes that the polygons have. 

Choose one of the polygon cross sections and answer the fol- 
* lowing questibAS about it. 

(a) Is each side of the polygon on one of the faces of the 
cube? Why? / 

(b) Were two sides of the polygon cut from the same face? 

(c) Compare your answers to parts (a) and (b) with the an- 
swers of classmates who chose polygon cross sections that 
were different from yours. t ' 
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20/ ^Explain the fact that no cross section of the cube can have 
more than six :^es • 



^ 21. Suppose you have a block of wood that has rectangular rather 
. " than'scjuahe faces. Will It be possible to cut a cross section 
that has more than six sides? Why? • 



-22.. ^ In Figure 22, two dashed' lines are shown'. Imagine that you 
'have cut the cube along these lines. 



Figure 22 ' 




(a) What would the shape of the'cross section be? 

(b) .On the cross section how big Is the angle between the 
dashed lines ? 



ERIC 



* 20 



2-1 




SECTION 1 



LENGTH AND AREA 




Suppose you want^to measure thfe length of a shoe. You 
have a ruler th>t has jf^ntlmeter marks on It but ]fo printed'num- 
bers. What would you do ? You would line up a'mark on the i%ler 
with one end of the shoe and count , the number of centimeter marks 
there are from this end to the other end of the shoe (Figure 1). 



Figure 1 




Most commercl'al" rulers h^e their centimeter marks num- . 

^bered, and so the counting has been done f<5t you.. However, if 

you want to read tenths of a o|||^lmeter> you still have to do four 

own counting. In any case, measuring length Involves Counting 
, » • * 

units of length. 



V 




1. 
2. 



What Is the length of the shoe In Figure 1? 



You know that an Inch Is a larger unit of Jength than a centi- 
meter. Would.the length of a shbe given' In Inches be a larger 
or a smaller number than the same length given ln%er£t5imeters ? 



J 
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3. 




One meter equals 100 centimeters (cm). Express the followlag 
lengths In cm. 

0 . - 



(a) 
ih) 
"(c) 



2.50 m 
3. .''6 m 
0.42 m 




id) 0,668 m 

Express the^lol>lowlng lengths-in meters, 
(a) 300 cm 



(b) 106 cm 

(c) 2 5 cm y 

(d) 5 pZ^ 

V 

{eY 4.7 cm 



Measuring an area means counting units of area. We use a,, 
square that is 1 cm by 1 cm as the unit of.area. This tinit Is called ^ 
a'.square centimeter and is written as 1 cm^. For example, in Figure 2 
the area of the figure Is 7 cm'^ . - . ^ 



Figure 2 



1 cm 



1 cm 



When we measure the area of rectangles, we can use a short- 
cut for the counting process. 'We can Imagine a rectangle to be bro- 
ken up Into rows 1 cm wide and each row broken up Into s<?i:^res of 
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1 cmxby 1 cm. This Is lllustrafed In Figure 3. There are three rows 
and each row contains four squares. Each of these squares Has an 
area of 1 cm . Therefore, the area of the rectangle Is/ 

3X4X1 cm? = 12 cm^ 



Figure 3 



1 



The product* length times width gives an area In cm^ only If 
both length and width ar^ expressed In cm* To' remind us, we write 
the units next to the numbers that express the length and the wjldth. 
In our example / ' ^ ^ 

. ' ^ 3 cm X 4 cm = 12 cm^ s 

In general, . ' , 

Are/ of rectangle (iri cm^) length (in cm) X width (in cm) 




5. By counting, find the area In pi each figure In Figure 4, 

Figure 4 ^ 



(a) 









1, 1 






(b) --\ 







(c) 
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CalculateTthe areas Uj' cm^ of the rectangles whose length\^id 
width are given below. • 

(a) 1* cm, 6 cm 

'(b) 150 cm, 0.3 cm 

(c) , 2.8 m, 5.5 cm ^ * 

(d) ''25 cm, l.e^m 

A s(q[uare of 1 m by 1 m has an area of on^ square meter (1 m ). 
How many cm^^are there In 1 m^? How many m2 are there In 
1 cm2? 




8. Trace the figure shown InTlgure 5. Draw two rectahgles In 

such a way that their areas will bracket the area of the figure.^ 
What can you say abQut the are*a of the figure? 



\ 
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SECTION 2 UNITS 'OE VOLUME 



Just as measuring area tnvolves counting units of area, mea- 
surlng,j»lume Involves counting units of volume. A square, of 1 cm 
on each side Is a cpjiamon unit of area. Similarly, a common unit of 
volume Is aiCube|whose edges are 1 cm' long (Figure 6). This unit • 
of volume is ^alied a , cublc centimeter , which Is ^fifcrevlated as cm^. ^ 
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Figure 6 



a . i c^ 



Counting the uAlt cubes Iri the solid shown In Figure 7 tells ais that 
Its volume Is 5 cm^ .V ^ 



Figure 7 



V 

Figure 8 shows us an example of a rectangular solid — a solid 
\^ whose faces are ^'ctangles. There Is a shortcut for finding the vpl^ 

ume o£»a rectangular solid/ and It Is similar to the shortcut for find- 
' Ing the area of a rectangle. 



T 



HEIGHT 2 cm 



Figure 8 




5 cm 
LENGTH 



"3 cm WIDTH 
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) First we Jlnd the number of cubic centimeters In a. layer that 

Is^l cm high. -Figure 9- shows one layer of the solid In Figure and 



. .^^ 

I ^ > . 1 ^ 



2 cm 



i 




















— 5 cm — 















Figure 9 




i 



' It Is 5 cm lohg and 3 cm wide and \ cm. high', this layer contains 
^ 5X3 cubes. The ed^s of each cube are 1 cm long; Th^ volume of 



this layer, thereforaip Is- 



: 5X3X1 cm^ = IS^fcm^ . ^ ^ 

Since the solid In^gure ^ls^2 j;m high aad each layer Is 
1 cm high, we have two layers. Therefore, the volume of the whole 



solid Is 



5X3X2X1 cm^ = 30 cm^ 



ERIC 



That Is, the number of cubic centimeters In a r 




equal to the product of thq length, the wl^th, -and th^, height when 
each dimension Is given In^ centimeters. ^ 

To remind ourselves of the need to have each dimension 
given In.thp 'same unit,* we write the unit of length, width, and 
height after the respective number^ 

5 cm X ,3. cm. X 2 cm « 3 o cm^ • 

, t . ' ■ , 

. ' 26 " . • 




r 



r 



The reasoning we used to calculate the volume of the red-- 
tangul^r solid in Figure 8 can be used for any rectangular solid. 
•Thus the volume of^'r^ rectangular solid Is given by 



•Volume = length X width X height 



) Of course, all three dimensions must be In cm if the volume I5 to 
p^bgin cm^ . ' I ^ 




V- 



9. ^Wh/t are the volumes of the solids in Figure 10? 



(b) 



/ 



(a) 



(Q) 



Figure 10 




(d) 
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10. , Count or use the shortcut to find the volumes of the rectan- 
gular solids^ In Figure 11. 



Figure 11 



2 cm 




11. A rectangular box Is 1 m long, 2 m wide, and 60 cm high. 
What is Its volume In cubic centimeters?- 



12. ' Find the volumes of the solids In Figure 12. 



1 cm 



Figure 12 
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13. 



-V 



14. 
15.* 



What could be the dimensions (length, width, height) of the 
rectangular solids whose volumes are given below? 

(a) 12 cm3 ' 

Oj) 30 cm^ * 
(c) 500 cm^ 



A cube has a volume of 27 cm^; How long Is its edge? 

\ 

The rectangular solid in Figure 13 consists of four equal 
cubes. The volume of the solid is 500. cm^. 

(a) How long is an edge of one of the cubes? 

(b) Find the dimensions of the solid. 



Figure 13 , 



SECTION 3 VOLUME AND SURFACE AREA 




"The surface area of a §olid Is the sum of the areas of all its 
faces* A rectangular solid has six rectangular faces. Its surface 
area is the sum of the areas of these six faces. 



Conslderthe rectangular solid Illustrated In Figure 14 . Its 
volume Is ' 

8 cm X 6 cm X 4 cm.= 192 cm^ 
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To find the surface a\ea of the solid/Tw^ hote that the front face 
has an area of 8 cm x 4 cm. Another face of' equal area Is hidden 
In the back. Added together, the area of the two faces Is 

2 X (8 cm X 4 cm) 



4 cm 











y 6 cm 

V ' 


^ 0 cm * ^ 



Figure 14 



Similarly, the top and the^bottom faces together have an area of 

2 X (8 cm X 6 cm)' 

and'the-^o end faces together have an area, of ? 

i • ^ i 

2 X (6 c4x 4 cm) // 
Added together, the total surface area Is 

' 2 X (8 cm X 4 cm) + 2 X (8 cm X 6 cm) + 2 X (6 cm X 4 cm) 
= 64 cm2 + 96 cm2 + 48 cm^ 
= 208 cm2 . 



30 
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' Explain why only two of the factors in any of the preceding 
products have units. 



17. A rectangular solid measures 4 cm by 5'cm by 10 cm^ What 
Is Its volume? What is its surface area? 

18. A bqx has a length of 8 cm, a width of 7 cm, and a height of 
6 cm. 

(a) If the pattern. shown in Figure 15 can be used to build 
this box, what must be the measurement of each of the line 
segments on the pattern? 



Figure 15 



(b) How does the surface area of the box compare with the 
area of the pattern that is used to make the box? 

19. A pattern for a rectangular box is shown in Figure 16. 



Figure 16 







5 cm 


— y — H 










1 









(a) What are the lengths of the edges marked x and y? 

(b) What is the area of the surface of the box ?- 

(c) What is its volume? 
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Figure 17 shows a rectangular solldl Suppose that you cut I 
the solid ^lang the plane indicated and rearrange the two halves as ^ 



Figure 17 



t 






cm 






i 














* 3 cm »| 




shown In either Figure 18(a) or 18(b) . Do you think the volume of 
the new solid Is different from the volume of the old one? Do you 
think the new surface area Is different from the old one? 



(a)- 



Flgure 18 









V 


o 


cm 



2 cm 



4 cm 



A cm 



(b) 
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. Use your clay caitter to make a rectangular solid with the 
same dimensions as those In Figure 17. How fnany ways are there 
to cut this solid Into halves that are each rectangular solids? 

Make at least two such cuts In the solid that you made, 
and then rearrange all the pieces to make different rectangular 
solids. How do the vdlume and the surface area of each of these 
solids compare with those of the original ? 

\- ■ ■ : . ^ 

Which of the rectangular solids has the Imalleifet surface 
area? Which has the largest? What do you notice about their di- 
mensions? 




Can ybu cut tRe^0TtginaL.sjQtlld In other ways to make the 
surface area as small as you wish— for example, 10 cm^ ? As large 
as you wish -for example, 1000 cm^ ? Explain your answer. 



SECTION 4 J VOLUMES OF RIGHT PRISMS AND RIGHT CmNDERS. 




L6t us look again at^ rectangular solid (Figure 19) and at 
the formula for Its volume: 

Volume'^lfength X width X height 

The area of one of a pair of opposite faces Is the product p 

length x width 
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Each of these faees is perpendicular to the height of the solid; that 
means each face meets the height at right angles. It is. customary 
to call either of these faces the base of the solid. 

Figure 19 



BASES 




Th^volume of the rectangular solid can be expressed as 
Volume = area of base X height 
This formula Is actually a shortcut for adding up the volumes of In- 

4 

dividual layers that are each of unit height (see Figure 9). 




20. The length and the width of a re9tangular solid are 4 cm and 
3 cm respectively. Its height is. 7 cm. 

' (a) What Is the area of the base?- 

" (b) What Is the volume of the solid? 

21. The dimensions of a rectangular solid are 12 cm, 5 cm, and 
20 cm. " , • 
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(a) If you choose the^'face with the edgejs of 5 cm and 20 cm ^ 
as the base, what wiW be the height of the solid? — ^ 

(b) Calculate the area .of the base and the volume of the solid. 

(c) Choose another face as the base. Calculate the area of 
this base and the volume. Compare your results with part (b). 



We can use the same shortcut for dtheT solids that we can , 
think of as being made up of layers idepfeKJaTto each other. 

What do some of these solids look like?' Here is a w,ay to 
visualize the construction of such a solid. Start wi^ a polygon 
region as a base, and then imagine a line segment perpendicular 
to the plane of the polygon (see Figure 20). Suppose that you can 
move the line segment along the polygon, keeping it' perpen(5icular 
to the base. The other end of th^segment would then trace out 




another poison identical to the base. Such a solid is called a 
right prism because the moving segment, which is the height of the 
prism, meets the base at^ght angles. . * 

Figure 20 ' ■ . . 



We can also visualize. a solid by^rtlng with a closed 
curve In a plane. This Is Illustrated In Figure- 21. The resulting 
solid Is called a right cylinder . , " ' ' 

' ^ * Figure 21 




^^^^ 




By looking at Figure 22(a) :and (b) we can see that the^e 
solids can be thought of as being <nade up of Identical layers-. 



(a) 



Figure 22 



(b) 





therefore, wqf can find the volume-of a right prism or a right cylln 
der by adding up the volumes of all the layers. Since the layers 

are identical, we can use the shortcut 

i. 

Volume = area of "base x hetgiit ^ ' ^ 



• 3G 
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Draw a triangle on a piece of paper. Using your pencil to 
represent the perpendicular line segment, show how you 
would construct a right prism that has this/ triangle as Its 
base. 

Which of theW)llds In Figure 23 are right prUms ? Which 
solids are right cylinders? 




Each square making up the polygon shown In Figure 24 Is 
1 cm2-. ' ' ^ 



1 <fm» 



Figure 24 

























I 



1 cm 



(a) What Is the area of the polygon ? 

(b) If you cover the polygon with one layer of cubes 1 cm on^ 
the edge, how many cubes will you need? - 



2-18 

' (c) What Is the volume of this layer? 

(d) ,How does the number of cubic centimeters compare with 
the number of square centimeters ? 

ie) How would you flnd^the volume of a block having the 
' same base but with a height of 3 cm? 

(f) How would you find the volufne If the height Is 4,^5 cm? 

The wedge In Flgbre 2 5(a) has a base area of 48 fm^ and' a 
height of 7 cm* The solid In Figure 25(b) has a base area of 
67 cm2 and Is 19 cm thick. The solid U Figure 25(c) has a 
base area of 36 cm^ and a height of 9.5 cm. 




(a) Identify the solids as right prisms ot right cylinders* 

(b) For each, name the base and find the volume ♦ 
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Finding the volume of a right cylinder is easy if we know 
the area of the base. When ttl^ase has an Irregular shape, we 
can only bracket the area. Figure 27 shows the base of a cylinder < 




Figure 27 




placed on a grid of unit squares. Counting the .squares entirely 
within the base,- Figure 27(a), anti the squares needed to cbmpleteiy 
Cover the base, Figure 27(b),Sw«-^n bracket the area of the base: 

4 cm^< 'area of base < IS- cm^ 



The average of the smaller and larger bracketing values Is 
usually a good approximation of the area of a region. In this case 



4 cm^ +18 cm^ ; , o 
"■^ =11 cm^ 



•Multiplying the area of the base (11 cm^) by the helgflt 
(10 qg}) gives us the approximate volume of the cylinder, 



11 cm^ X l^.cm ^ 110 ci?l* 



To rerif[nd yourself of how to Improve 'the bracketing, ref 
Sections 3 and 4 of phapter 7 of the first year course. 



4' 
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27 . 



Find the approximate volume of a right cylinder that Is 5 cm 
high and has the base shown In Figure 28 • . 



Figure 28 




• SECTION 5 VOLUMES OF IRJ^GULAR SOLIDS 




In the previous section we learned that we can use layers 
to help us visualize the volumes of right prisms and right cylinders. 



Suppose that you want to find the volume of an Irregular 
solid such as the lump of clay Illustrated In Figure 29. Again, you 



Figure 29 




can use layers to help you vls,uallze Its volume. However, there 
Is no formula that gives a shortcut for finding that volume because, 
the layers gre not all Identical. [ 
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/ ^ By uslftg the clay cutter you can slice the lump into layers 
1 cm thick, as shown in Figure 30. You can see from figure 30(b) 
that each slice has the approximate shape of a right cylinder. • 



•(a) 



Figure 30 




(b) 




o Note that you can use a centimeter grid to bracket the area 

of the base, just as you did with a right cylinder. Figure 31 shows 

2 

the outline of the base of a slic§. Since 4 cm < area of base<16cm 



the area of the base of the slice is about 

2 2 

' 4 cm If- 16 cm , ^ "2 

^ = 10 ^cm 



Figure 31 
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A^d so, because the slice is thick, the approxiipate volume 
of the slice is 



2 V 
10 cm X 1 cm = 19 cm 



To find the volume of the solid we must find the volume of 
each femaining* slice and then add all the volumes. You can use 
this method to calculate the approxUnate volume of any solid so 
long as you can find' the area of each of its cross sections. 



Bernle cut a lurit^ of clay into 5 layers. WltTr his centimeter 
grid he bracketed the area of each base and found: 




28 



Layer 


Smaller Bracket 


Larcrer Bracket 


Thickness 


Layer 1 


14 cm 


2 

33 cm 


1 cm 


Layer 2* 


12 cm^ 


2 

29 cm ' 


1 cm 


Layer 3 


9 cm^ 


'22 cm^ 


1 cm 


Layer 4 


7 cm^ 


* ^I'cm^ 


1 cm 


Layer 5 


6 cm 


19 cm^ 


1' cm 



What Is a good estimate volume of this lump of clay? 

Make an Irregular solid out of clay.- By slicing It Into 1 cm 
■slices, estimate Its volume. 



am 



SECTION 6 A»- USEFUL PROPERTY OF LIQUIDS 



3^ 



Water and other liquids have a very useful property. The 
volume of a liquid stays the same regardless of the shape of the 
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container holding the liquid. This means that if we want to mea- 
sure the volume of a liquid we can transfer the liquid into any con- 
tainer we choose and then measure its volume. Furthermore, this 
allows us to measure the volume of any container -by flj^lng it 
'with water and then measuring the volume of the water.- 

Usually we measure liquids in a measuring cup or graduated 
cylinder (see Figure 32). Each marking along the side of the cup or 
the cylinder. irtdicates the level of a certain volume of liquid. 



/ 




Figure 32 



Volume Estimation Game 



Figure 33 illustrates a method for estimating the volume . 
that a container can hold. First, imagine that it is filled with clay. • 
Next, in your mind, re.shape the clay to form a rectangular solid 
and estimate the dimensions of this solid. Finally, find the approx-^ 
imate volume by multiplying the dimensions together. J ( ' 



To check an estimate, fill the container with water and mea- 
sure the volume of the water with a graduated cylinder. or a metric 
measuring cup. * 



ERIC 
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IMAGINE 




Figure 33 



MULTIPLY •• 

3 cni 
5 cm 

X O.S ctr\ 
TS cm* 
or About 8cm * 



Qet together in small grqups. 

Your teacher will show you a number of common household 
containers that^can hold water — for example, a 'teaspoon, a teacup, 
an ice-cream scoop, a coffee can, a soup can, a paper cup, h cake 
pan, and so on. 



Use the method shown in Figurfe 3^ to estimate the volume 
of water that each container can hold. Then for each container, 
average the estimates in your group* 

Next, use water to measure the volume^that each container 
holds. Use a commercially available graduated cylinder or metric 
cup measure to measure the actual \>olume. (If-you don't have either 
measuring device, you can make one by marking off levels jj^re- 
sponding to known amounts of water like 2 5 cm^, 50 cm^, 75 cm^, 
and so on.) • ^ — 

The group with the smallest total error is the winning group^. 



ERLC 



45 



2-26 




29-, 



If you- look closely at the markings on a graduated cylinder, 
you will notice that they are equally, spaced. Since it getj- 
wider near the top, the measuring cup shown in Figure 34 is 
not cylinder shaped. Must the markings be closer together 



or farther apart near the top 



7 




Figure 34 



30. A certain measuring container holds a maximum of 2 50 cm^ of 
y water. , A larger container is full of water. This water fills 

^he measuring container exactly 2 r times. What is the vol- 
ume of- water that the/ larger container holds? 
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A measuring cup has some waternnt, and the level reads t 
175 cm . A marble is dropped into the water and the level** 
rises to the 181 cm3 mark. What is the volume of the marble? 



32 . A 1-pound coffee can holds lOOQ cm^ of water. ' Suppose we' 
; take a certain-sized paper cup and discover that eight paper 
cups full of water exactly fill the coffee ca^l. How piuch 
. water does the paper cup hold? 



33. The water from 18 identical paper cups fills 4 identical soUp 
cans.' 



(aT^ow many paper cups hold just as much water as one 
soup can holds? 
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(b) What Is the ratio of the vofume of one soup can to the 
volume of one paper cup ? 

1 • , ■■ 

(a) What Is the ratio of the volume of one tablespoon to the 
volume of one teaspoon? 

(b) If 48 teasffoons of water fill a cup, how many tablespoons 
will fill a CUR? ■ ■ 

Four' soup cans hold the same amount of water as one la^ge 
glass. Three of those glasses hold as much water as one 
mixing bowl. How many soup cans full of water would fill 
the mixing bowl? 



How many glasses hold the same volume of water as two bowls 
(See Figure 35.) 



Figure 35 
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SECTION 7 LITERS AND CUBIC METERS 
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Whi^do people use different units of length such as centi- 
meters / meters, and Icllometers rather than just. one unit? The rea- 
son Is that we all prefer to use numbers larger than one and smaller 
than, say, on,e thousand. This is why we find It convenient to de*- 
scrlbe the length of a pencil In centimeters, the len^h of ^ room In 
peters, and the distance between two cities In kilometers. ^ 

When you are concerned with describing aj^as. It i^ponve- 
nlent to, use square centimeters for the area of -a postcard, square 
meters for the area of a room, and square kilometers for the area of 
a city. 




37. * (a) How many meters are In 1 km? 

(b) How many ce'nt^^|^ are In 1 km? 

(c) 2,5 km equals how many meters? How many cm? . , 

(d) 1.8 cm equals how many meters? How many km? 

38. (a) How many square centimeters are In 1 m ? 

(b) What Is the area of your classroom In ? IrT^m^ ? » • x 



39. (a) A chalkboard Is 2.40 m. long and 1*20 m high. What Is 
Its area In m^ ? In cm^ ? . 

' (b) In wh^ch unit do you prefer to give the area of the chalk- 
board? 
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SlJ .-^s you already know, 1 m^ equals 10,000 cm^. Areas of a 
few thousand cm^ cgn be conveniently expressed In either cm^ or 
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m . Ah^d so there Is no need for a unit between cm^ and . How- 
ever, the situation Is different when we work with volumes. 

A cube that Is 1 m on the edge Is 1 c^bfc meter (1 m^) and 
has a volume of 100 cm X 100 cm X lOQ^^cm = 1,000,DOO cm^' A 
cubic meter Is too big a unit to express the volume of many house- 
hold containers suc5h as pots and bfeekets. On the other, hand, a 
cubic centimeter is too small a unit. Therefore, we use a unit of 
volume betweenTl^e two: namely, the volume of a cube 10 cm on the 
edge. This unit Is dalled a llter ,\nd It Is abbreviated as i. 

1 i =To cm X 10 cm X 10 cm = 1 , 000 cm^ 

A liter Is a little larger than a quart. If you know how large 
a quart Is, you can vls'ualfze how'large a liter Is.. 

The liter Is so widely used, particularly for liquid, that 
1 cm"^ Is often referred to as 0.001 liter and Is written as 1 ml 
(1 milliliter). " ^ 




-*'40. ^A box has dimensions of 75 c/n, 80 cm, and 50 cm. 

(a) Find the volume of thabox In cm^, i ^ and m^^ 

(b) Which description of the volume Is the most convenient? 

. : \- : 

41. Suppose that you cut 1 m3 up into cube^ L cm- on a side. 

Next, you stack the cubes into a tower that has.a square ' 
ba'se of 10 cm on a side. 



(a) How tall would the tower be? 

(b) Would this tower fit into your glassroom? 

49 
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(c) Would this tower be shorter or taller than your school ? 

fit Into 



42. 




(d) Could you rearrange this tower so that Iff 
your classroom? 

A certain kind of tent comes with a set of metal poles that 
fit together to form a skeleton, Illustrated in Figure' 36j(a), ^ 
and with 'a large piece of canv^to go over the skeleton. 
When the canvas is laid flat/ l«ooks like the pattern shown 
In Figure 36(b). The tent, when assembjed; measures 175 cm 
long, 130 cm wide, V30 cm tall to the Highest po|nt, 65 cm 
tan at the sides-, and 92 cm alotig the slant of the roof. 
See Figure 36(a). 



- ^ 



Figure 36 , 




130 cm,- 



(a) 










> 



















(b) 



(a) What is the total leilgth of ajA^Jfi^dles ? 

(b) What are the dimensions ^oMhe^l^nV^s pattern? 

(c) What is the total surface ar^ of th€\canvis ? 

(d) How big is the volume of the Wit when It is assemble^ 



^(e) Suppose that you were unable tA Wchase a.tenl'lhat has 
these dimensions and VQltrme. Ebcplaim why it Woul'd be useful, 
to know the information obtamed^fmm barts (a) through (d). ' 
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43. A paint company sells paint In 4-1 Iter (1 -gallon) q^lhs. The" , 
company claims that this paint will cover 37 square peters 

of wall (400 square feet) • - How thick (on the average) will 
the paint be If It covers a^s much surface as advertised? 

44. The New England Aquarium publicizes that It has aquariums 
J ^ totaling 2 mllll(^nUlters ofj^ter. 

(a) How many cubic meters ol water is that? 

^ . . / (b) Almost all of this water Is In one cylinder- shaped tank' 
that has a base area of 125 m^ . How talMs that tank? 

45. The largest building in the world Is the Boeing Jumbo Jet 
assembly building In Everett, Washington. It has a volume 
of 5,820,000 m^. How many liters of air does the building 
hold^- 

46. The Great\Wall of China is 2400 km long and averages 7.6 m 
In height and 6.0 m in width. Estimate Its volume. 

fl 

t *■ 
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SECTION 1 LARGE NUMBERS 



We saw In Chapter 2 that calculating volumes often involves 
large numbers. Large numbers also occyr when we wor]^ with areas 
of states, populations of countries / budgets of cities, and 'many 
other topics. For example, the area of Callfprnia Is approximately 
400,000 km^, the population of Iridla is aboujt 600 million persons, 
«w and the amount oi^ney New York City spent in 1973 was $10 billion. 

. . . 

Note that when we write such large numbers we often use 
terms Ulce "approximately" or "about." We do this for one of two 
reasons. In many cases arTSppTWclmate value Is all we are Inter- 
ested In, and In other cases the exact value Is not known. 

^ ■ ■ • •. 

When we have a number In^the bllUoijs, we may be Interest- 
ed only lii the bllUbns.- Therefor^, In writing the number, we prefer 
to use the label "billion" rather than to write out all nine zeros as 
place holders. In tables we often see "In thousands of km^" or "In 
millions of dollars" printed at the head of a column. This Is also 
done so that we do not have to write out zeros or oth^r digits as ^ 
place holders. ^ ^ 

• • ■ /' 52 ■ : ; • 
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1. 


On a^hfghway there Is a sign that reads "Entering Mathville, 
pop, 13,871." 

(a) How accurate do you think this number can be? 






(b) How would you express this number in a way that would 
indicate- that you kno;w it only approximately? 




2. 


Do you think anybody kmows the present population of India - 
to the nearest million? Nearest thousand? 




3. 

- 


Colorado is a mountaino/us state with an area of 2 69,000 km^ . 

(a) How accurate do y<iu think this number is? 

(b) How would. you write this numbef so that its lack of accu- 
,,racy is recognized? 




4. 


The population of the United States is about 200,000,000. 

(a) Write this number using the label "million." 

(b) Write it using the label "thousand."* 




5. 


Using the following labels*, rename the number 3, 600,000, 
(a) thousand 






(b) hundred thousand - ' ^ ^ ' 






(c) million > ^ ^ * ^ ^ 




6. 


Abobt 2,300,000 copies of the magazine Sports Illustrated 
are sold each week. How many millions of copies is that? 
How many thousands? Do you think that the same exact 
number cJf copies is sold each week? ^- , 




7. 


When the Hoover Dam was constructed, a lake was made that' 
contains 36,700,000,000 m^ of water. ^ , ^ • "-'^ 

(a) How accurate can this number bei^ , ' - 






(b) How many km^* of water are contained in the lakQ? 


t 
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Use Table 1 to'answertlfe following questions. 5 

(a) How many chickens were raised in Rhode Island in 1972? 
How many eggs were produced that year? 

(b) ^ Whtch,is,larger, the number of eg^s produced Ln Rhode 
Island in 19^2 or the number of chickens raised in Maijie dur- 
ing the yaffle year? 

(c) The number of chickens raised Ifi Pennsylvania in 1972^* ' 
was 13.3 million. Compare this number to the total numb^p-- 
of -chickens raised in New England during that year." 

(d) Approximately how many more eggs were ptoduced in New 
Hampshire in 1972 than in 1971? 



Table l: Eggs and Chicken Product&n in New England States, 
1971 and 1972 ' 





Eggs prgdiiced 


Chickens raised 


Staie 


(in mi] 


lions) 


(in tl!io 


usands) 




1971 


1972 


1971 


1972 


s 

Connecticut 


830, 




3, 620 


' 3,32.0 


Maine 


1,368 


1,402 


5,423 


'5,886 


MassacJiiisetts 


513 


■ 535 


1,959 


2,2010 


New Hampshire 


- . 312 


313 


lfl30 


1,255 


Rhode Island 
Vermont ^ 


^ 70 . 


■ ■ 57 ' 


' 245 


1,60 


96 


114 • 


4 69 


479^\ 


•*'T^al 


3,189 


^,345 


, 12,946 * 


' 13,300 



Source : Adapted from a table that appeared In, U.S. Depart- 
' ment of Commerce, Statistical Abstract of the United 

States: 1973 . (94th Edition) Washlngfen,' D. C. , 

1973. ' . ' 
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Table 2 shows the approximate areas of, several states in the 
U.S.A. 



TABLE 2 



State 

/ 


■ Area 
(in thousands of km2) 


Iowa 


/ 


145 


« 




^Alaska > 




. 1450 






Maryl^fid 




26 






^v^Cjormecticut 




13 - 






Michigan 




14 7 . 






^ Arizona 




. 294 






Rhode Island 




3 , 






Colorado 




269 







(a) What is the area of Rhode Island in km2 ? 

(b) What i| the difference between the area of /tizona and 
, the area of Michigan? 

fc) By how much is Alaska larger than Iowa? 



SECTION 2 ^VISUALIZING LARGE NUMBERS 




Suppose that you could earn ten dollars an hour and that yoU 
worked fo/ 10 hours a day, 300 days a year. ^How long- would it take 
you to earn one million dollars? Working 3 00_ days a year for 10 hours 
a day you would work * . 

3 hundred X ten = 3 thousand hours 
Your annu.al earnings would be 

3 thousand X ten = 30 thousand dollars 
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Therefpr§, It' would take more than 30 years to earn one million dollars. 

HoW l6ng would it ta^e to earn one billion dollars? Since 

.•V 1 billion =^ 1 thousand x 1 million 

it would take one thousand timeg as long, or over ^0 thousand years 
to eam-one billion dollars! 

Large numbers such as 1 billion or even 1 t^Uion are diffl-. 
cult to Imagine. A good way to help us visualize such large num- 
bers is to think of them as products of smaller numbers with which 
we are more familiar. 



You can use**T|ble 3 to help yox calculate some products 
that le^ad to large numbers. 



TABLE 3 



Ones 



Tens 



Hundreds 



Thousands 



Ten 
Thousands 



Onjes 



ones 



tens 



hundreds 



thousands 



ten 
thousands 



Tens 



tens 



hundreds 



thousands 



ten 
thousands' 



hundred 
thousands 



Hundreds 



hundreds 



thousands 



ten 
thousands 



/ hundred 
thousands 



millions 



Thousands 



thousands 



ten 
thousands 



hundreld ' 
thousands 



millions 



ten 
millions 



T^n^ 
"Thousands 



thousands 



hundred 
thousands 



millions 



ten 
millions 



hundred 
millions 
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10. 



Each square In the grid shown in Figure 1 contains one dot 
and is 1 cnron a side. Suppose that this grid extended 10 m 
across and 10 m vertically. What would be the total number 
of dots In the grid? 



Figure 1 
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Suppose that you walked 5 km In one hour for 10 hours .a day, 
300 days a year for 10 years. - : 

(a) What distance would you have covered? 

(b) Hqw many times around the equator is this? 
(The equator is about 40,000 km long.) 



12 . The distance from the earth to the moon is about four hundred 
thousand km. To visualize this clistance yA might think of 
it as'the fallowing product: ^ 



Distance earth to moon = 

(distance New York to Detroit) X (numberof trips) 

s 

The distance from New York to Detroit is about one thousand km 
How many trips wo£ild you have to make between New York and 
Detroit to cover a distance equal to the distance betwefen the 
earth and the moon? 
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13., X paper manufacturer produces 45 billion sheets of paper ? 
year. The sheets are packed in cartons that contain 5 thou- 
sand sheets each. The cartons are shipped on 300 working 
days.v 

(a) How. many cartons does he ship a year? 

(b) How many cartons make up an average day's shipment? 

(c) Write the number of sheets produced in a year as the 
product of the number of sheets in one carton, the number 
of cartons In an average shipment, and the number of work- 
ing days In one year. 



14. If $100 billion were, evenly distributed among 200 million 
people, how^much would each person receive? 



15. 



Suppose that yc^u have enough cubic-centimeter blocks to 
build one large cube whose volume Is one /cubic meter. To 
put each block in^^place takes you only one second. 

(a) If you work nonstop for ten hours, how many blocks will 
you have put In place? 

(b) Do you think that by working around-the-clock (without 
stopping to eat or sleep) you could finish Building the cubic- 
meter block m five days ? About how many days do you think 
it would actually take? 



\ 



How good are you at guessing how big a number Is? Make 
a chart like the following and p.ut a checkmark In the column that 
you think gets you "In the right ballpark" for e.ach row. Wher^ 
possible, think of the number that you are estimating as a product ' 
of more familiar quantities. You may use almanacs, encyclopedias, 
or other sources to resolve disagreements. 



\ 
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LARGE QUANTITIES 


Tens 


♦ Hundreds 


Thousands 


' Ten 

Thousands 


Hundred 
Thousands 


Millions 


Ten 
Millions 


Hundred 
Millions . 


Distance In km across U.S. 
from Atlantic to Pacific 


















Number of cars manufac- 
tured In the U.S. last year- 


















Population of the 
U.S.S.R. 


















Number of leaves on an av- 
erage-sized tree in summer 


















Nu^nber of stories in the 
world's tallest building ' ' 


















Distance In km from the ' 
from the earth to the s^n 






-t 












Number of high schools 
In the U.S. - . 


















Number of stars IrTthe sky 
visible to the unaided eye 


















Population of 
New York City 



















I 

, ^ .. ^ \ 

SECTION 3 APPROXIMATING PRODUCTS Of WHO LE NUMBEI^s' 

o 

■■1 You should be able to calculate simple pcoducts such as 
30 X 200 without using paper and pencil . A good way to do this is 
to do the multiplication in four steps. 



Step 1. • Rename the numbers by using word labels 
*so that each number Is one digit times a 
label. The product 30 x 200 becomes • 
3 tens X 2 hundreds. 

Step ;2. Multiply the two- digits, 3 x 2 = 6. 

Step 3. Multiply the values represented by th^ 

word labels, tens x hundreds = thousands. 

Step 4. Put everything 'together: 

^ ^ 3 tens X 2 hundreds = 6 thousands. 



Xhe reason for using word labels in renaming numbers Is to 
make It easier to do the multiplication mentally, it is easier to re- 
member that t^ns x hundreds = thousands than to count zeros In your 
head. . ^ 

You can use Table 3 to find products such as tens x hundreds^. 
However, the better you are at remembering the table, the more 
quickly you win be able to do such problems In your head. 




16. Calculate the following products. (Try to do It mentally.) 

* ♦ <^ 

(a) 2 tens x 3 tens - 

(b) 2 tens x 3 hundreds 

(c) 4 ones X 2 hundreds 

(d) 4 tens x 5 thousands - 

(e) 6 hundreds x 5 hundreds * ^ . *s 



^ / ' 60 
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17'. Calculate the followlng^products. without using paper and 



pencU-. 


(a) 


40 X 20 


(b) 


20 X 50 


.(c) 


•200 X 40 


■(d) 




6000.x 100 


(e) 


3000 X 3000 




Calculators are very handy for finding multldigit products. 
However, one wrong punch of the key can produce a completely un- 
reasonable answer. To see If the'answer is reasonable you do not 
need to redo the calculation. You can simply approximate the prod- 
uct and compare the .calculator's answer with the approximation. 



Suppose that you multiply 238 by 34 on a calculator (or by 
longhand on paper) and you read off 1292 as the answer. Can this 
be correct? To qheck your answer you round off 258 to/^00 and 34 
to 30. Multiplying 200 x 30-mentally gives you 

200_x 30 = 2 hundreds x 3 tens = 6 tliousands 

Clearly 238 x 34 cannot- possibly equal 1292. ' An error must have 
been macte in entering- the numbers In- the calculator. 




•J 



Of course, small errors cannot be detected by this method. 
But as we said at the beginning of this chapter, approximate an- 
swers are often sufficient when dealing with large numbers. 



ERIC 



61 



3-11 
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18. Round off each^J-the following numbers +0 one nonzero digit" 
and the correct place val^ie. 

(a) 8,324- 

(b) 3 

(c) 58 . ' ■ 

(d) 256,000 ■ ■ . 

(e) .76,120 

(f) 985 



19^ Approximate the following products. (Try lo do It In your Read.) 

(a) 46 X 22 

(b) 22 5 X 67 ■ * — ^ 



(c) 6,400 X 25 

(d) 2,300 X 975 

(e) 52,000 X 3, .600 



20. Without doing the calculations, determine which of "the follow- 
ing results are definitely wrong . Why? 

^ (a) 52 X 37 =-6/426 ^ 

(b) 14-X 78 = 192, 

(c) 6,400 X 860 =^5, 504,000 * - ^ 

(d) 450 X 320 = 14,400 
. (e) 75,000 X 3,300 = 247,500,000 
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SECTION 4 EXPONENTIAL NOTATiON 



Look back 'at Table 3. Note that In the ''tens" column the 
values follow a distinct pattern: The value of a given entry Is ten 
times the value of the .entry above it. Writing "digits instead of 
words, we have * ^ ' ' 

100 = 10 X 10 

1,000 = 10 X 1^00 = loxioxro 

. .ID, 000 = 10 X 1,000 = 10 X 10 X 10 X 10 

Any number appearing as part of a product Is called a factor. 
In the product 10 x 10 the number 10 is a factor twice. For prbducts 
such as. 10 X 10 where a factor is repeated, we often use a shorthand 
notation. We write ro x 10 as 10^ . The raised 2 to the right of the 
10 Is called an exponent or a power , and it tells us how many times 
the 10 is to be used as a" factor. When a proyductis written using 
exponents we say that It Is written in exponential notation . 

Thp /lumbera In the sequence 

10 100 -1 ,000 aO.OOO 100,000 1, 000/000 

* . 

can be expressed as products with 10 as the repeated factor and can, 

, therefore, be written in exponential notation as 



\ 



10 ' 102 103 10^ . 105' 10^ 

# 

(We can write 10 as 10^ because we can think ot 10 as a prol^uct, 
10 X 1, wher*e 10 appears as a factor once; but, we have no njsed'to 
write 10 this way.) ^ ^ * 
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The written symbol 10^ Is readtas "ten to the fourth." This 
Is really short for ".ten to the fourth^power. " /Slmllarlyv I'O^^ is read 
as "ten to the' ninth." The'nulhber 10^ either as "ten to the 

second" or as "ten squared." 




2L. In exponential notation write the number of cubic centimeters 
In ' ■ . • 

(a) one cubic meter 

(b) one liter 

\ ' ' • 

22. The area of Canada Is about 10^ . Write this iv«TTtygMn ^ 
words. * ' , ' ' 

23.. In 197^ there were about one hundred million automobiles reg- 
istered In the United States., ' \ ^ 

(a) Write this number by using zeros. 

(b) Write It in exponential form. ^ 

24. Which Is larger? 

^ (a) ten thou^rtd or lO'S? ' ' ' ' 

)b) 1,000,000V 10^? ■ > ' ' 

(c) 10^° orj^blllion? 

25^. How many thousands are In^lO^? 
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ESU We saw how by using exponents we can write powers of ten 
in a compact way. Vfe can also Extend this shorthand to numbers 
.that are not powers of ten. For example, the distance from the ' 

o 

1 . 
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earth to' the sun is 150,000,000 knx.' Since 

i 150,000,000 = 1.5 X 100,000,000 

^ we can write 150,000, 000 'km as 1 .5.X 10^. 
♦ 

'Any Ja;Tge number' can be broken up into a product of a smaller 
number and a power of ten-. The smaller number is called the coeffi - 

clent of the powerW ten. In 1 .5 X lO^ the coefficient is 1 .5 and 

ft * ' 

10° is the power of ten. 

There' is a generjal procedure for finding the correct power of 
^ ten for any-given number and coefficient. Sup^jose that you wish to 
write 3*^250 as 3.25 times^a power of ten, or \ 

\ ' \ '*3/250 = 3.25 X 10 

,What exponent should be placed in the box? The exponent tells us 
how many times we multiply 3.25 by 10. The result of multiplying 
by 10 oncte is that t^ decimal point is moved to the right one place:* 

^^^^^^^^ "^ 3:25 X 10 = 32.5 

Two multiplications by a factor of 10 move the decimal point two 
'plabes to the right: ' 

3.25 X^o2 = 32'5- 

Here the decimal point is not written but is implied. Multiplying by 
another factor of 10 requires the use of 2?ero as a place holder. Again, 
the decimal point is after the zero: . * . 

^ ^ 3..25 X 10^ = 3,250 

This is the answer we «re loolc^ng for. Therefore, the. correct expo- 
-nent is 3. * 



We can summarize this procedure as follows. When you wish 

to write a number in exponential notation with a given coefficient, 

>\ 

count the number of times you must move the decimal point to the 
right to change the coefficient Into tha number that. you started with'. 
The exponent Is the number of times the decimal moves' to the right. 

Here are two additional examples. 

3^6^0^00^ = 3.6 X 10 ^ 
Here we have to- move the decimal point 5 times. Therefore, CH =' 5. 

2 50 0 0 0. = 2 50 X 10 - . 

In this example we move the decimal point 3 times. Therefore, 0=3 

There are many ways to ^rlte a large number in exponential 
notation: 

150,000,000 = 1 . 5 X 10^ 
OP ' ■ : 

150,000,000 = 15 X 10^ 

150,000,000 = 150 X lo'^ 

and so on. You can always choose the coefficient when writing a 
number in exponential notation and thfen find the correct power of 
ten that goes with It. , . " 




26. Fill In the box with the correct exponent, 
(a) 250,000 = 25 X 10^ 
.' (b) 8,200,000 = 82 X \^ 

(c) 12,500,000 = 125 X fo'-' . 



'4? 
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27. Fill In the box with the correct^ exponent. 

(a) 3,600 = 3.6 X 10^ 

(b) 420,000 = 4.2 >C10^ 



1 



(c) "1^,000, 000 = 1 .8 X 10^ 

(d) 890, 000,000,000 = 8.9 X 10^ 



28. Fill In the box with the correct exponent. 

(a) 1 ,256 = 1.256 x lo'^ 

(b) 80,000 = 0.8 X 10'-^ 

(c) 250, 000,000 = 25 X 10 ^ 

(d) 250,000,000 = 2 .5 X 10 ^ ^ 

■ '•/'.-■ . . ■ 

29. Write these numbers b y HSin g-zeros. 

(a) 5 X 10^ 

(b) 16X10^ - 

(c) 5.6X10'* 

(d) 4.55X10^ 

'(e) 8.6XL09 ' * ^ 



SECTION 5 SIGNIFICANT DIGITS AND STAl^DARD NOTATION 




You know from your work with .decimals that 2 = 2.00, 
53.6 = 53.60, 62.1 = 62 .1000,- and so on.. In short, you can write 
?s many zeros as 'you wish after the last df%tt on the" ri^ht- hand 
side of the decimal point without changing the value of the number 
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Since these zeros have no purpose when we deal with abstract -num^ 
bdrs^ we usualfly do not write them. , ^ 

The situation Is different wltb ;numbers that communicate 
results of meas^urements . A length reported as 87 cm tells us that 
the reporter knows the/length, on}y to the nfearest centimeter. Had 
5>re reported It as 87^, it would mear; that she knew the length to 
the nearest tenth of a centimeter. Similarly, If you make a rough 
estimate of the capacity of a bottle to the nearest tenth of a liter, 
you might report It afs, say, 1.2 -^..^^ careful measurement ml^^ht 
show that tl^e ca^clty Is 1.205 i. However, If the more careful 
measurement shows that the capacity Is iTTi to the nearest thou- 
sandth of a liter, then the correct/ v^ay of reporting if Is 1.200 i. 



If tffeC 



r 



measurement Is sufficiently precise^,. It Is ^generally 
an accepted convention to write a zero even after the last digit be- 
yond the decimal point. This tells the reader that the^dlgit at that 
place Is known to be zero. 




a In the dlffere 




between cm and 28.20 cm. 



3yr^ Suppose you measured the width of a card to the nearest tenth 
of a centimeter. Which of the following wolild be a correct 
statement of your results? 

(a) . 6 cm 

(b) 6.0 cm 
'(c) 6.00 cm - 
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3^. --^hiqh of the following statements report nieasuremen^)So th^ 
•nearest tenth of a meter? 

(a) 87.40 m 

V r 

Ah) 62.0 m 

,(c) 757.2 m ' . , 

. id) 430 m ' ' ^ ■ ; / ' . • .' 

(e) 2 . 0 m ■ 



Within the convention we just described, a zero in a number 
. such as 3 .80 m tells as that we }e«ow the number to^hel nearest h^- 
- dredth of a meter. ^ ~ - 

The situation is quite different in a number like 120 cm2 . 
Here the zero may mean that the number is known to the nearest 
square centimeter that it is indeed 120 cm2 artd not, say, 12-2 cm2.. 
On the other hand, the zero -may only indicate the place of the deci- 
mal point. In other words, its only purpose is to show that the num""- 
^.ber is known only to the nearest ten square centimeters. 

In the first case, we say that ihe zero is significant; it 
means what i^ says just as any othlr digit does. Nonzero digits are 
always significant; they always mean what they say. 

The situation is more ambiguous for a number such as 35,000. 
Are all these zeros significant? Only the first tWo, or perhaps none? 
.It is clearly necessary to have a notation that removes this amblgu- 
. ity. Such a notation exists and i^called standard notation . 
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Standardnotation Is a special case of exponential notation In 
Which the .coefficient has one nonzero' digit to the left of the decimal 
point. For.example, the number 3a0,000 can be written in standard 
notation as 3.8 x^IqS, or 3.80 x 10^, or 3.800 x lO^ - dependin^n 
ho,w many, dig its are significant. Note that 380,000 can also be 
written as 380 X ,lo3. However, this form of exponential notation 
does not rempve the ambigufty. * ' ' 




\ 

\ 



33. In each of the following n^umbers none of the zeros is signifi- 
cant. Write each number iji standard notation. 

(a) 5,000,000 

■ ♦ (b) 700,000 

* •■ • , 

(c) 8 ^500, 05*0 • .~v •• 

(d) 3/ 650', 000 , ■ _ 

. (e) How many significant digits are'Uagre in each of the num- 
bers in parts (a) -(d)? : ^^r^ 



34. • How would^ou write one 'billion in standard ndtation.if only 

■'icc 



one digit 'is si^ificant? 



35. V In each of the following numbers only one ^ro is significant. 
Write each number in standard notation. • 



(a) 6«10,000 

(b) 47,000 

(c) 150,000 

(d) 7^00- 

(e) ^20 



4 
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Each of the following numbers has three significant digits, 
ite each number In 'Staridarfikpotatlon. 

' (a) 200,000,000 ^ ' 

(b) 51,000.000 • 

(c) 30,600 . ' . 

(d) 507,000 - ' * ^ 

(e) 81,000,000 

37. Write eaqh of -the following numbers in standard notation to 
show how many significant digits each of them Has. 

, (a) 3 , 6Q0 km (measured to the nearest km) 

. (b) 14,000 m (measured to the nearest hundred m) 

(c) 130,000,000 km (reported to the nearest million km) 

'(d) $11,000,000,000 (reported to the nearest billion dollars)^ 



:m, 



38. The distance 'between two cities Is given as 2.5 x 10^ ki 

Express this distanqe fn met^s. Has the number of signifi- 
cant digits changegi? 



39. In the number 1.40 x 10°, the "1" Is In tl>e millions place, 
the "4" Is In the hundred thousands place, and the "0" Is In 

* the ten thousands place. Identify the place value of every 
dlfcflt In each of the following numbers. 

(a) .'3.50 X 10^ 
■ (b) 4.06 xie^ . ' , 

(c) ' 9.0^5 X 10^ . ^ • . 

40. If the population of a state Is correctly written as l-.^x 10^, 
you know that It Is precise to the nearest ten thousand per- ' 
sons. How precise' are the f clicking data? 

(a) The population of. the People's Republic of China In 1970> 
. was. 7.60 X lo8. ,- . ' 
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(b) 9 .66 X 10^ passenger cars were produced fn the-United 
Stafes in 1973. . h ' . ' 

(c) In 1974 there were 1 . 625 X 107 head of cattle in the State 
of Texas. ' * " 

(d) In the 1972^presldentlal election, 7.8 X 10^ people voted. 

(e) In 1973 the Los Anqeies Times printed 1.0 X 10^ news- 
^papers dally. 

41. Tun? back to_ Question 3 of this chapter. To howjnanjr slg- 
- nificant digits do you think the area'of Colorado is given? 

Use standard notation to express the area of Colorado*. 

* 

42. ,Referrijig to Question 7 of this chapter, write in standard no- 

tation the number of m^ and the number of Icfn?' in the lake 
tnade by the HooverDam. The number given has three sig- 
nificant, digits . . 

43. According to the 1974 edition of the Guinness Book of World 
Records, the largest recorded number of consecutk/e sit-ups 
done on^a hard surface without feet held down is 25,222. 
These were done by an eight-year-old boy in Idaho Falls in" 

1972. ■ - • ; 

/ 

(a) How many significant digits are indicated In this record 
number of sit -|ips? ' * 

(b) Is there any advantage, to writing ^hl's number in stan(/ard 
notation? 



SECTION 6 ^ MULTIPLYING AND DIVIDING jftJMBERS. IN 
EXPONENTIAL NOTATION 



Light travels X 10^ m in one second. How iaf does it travel 
in two seconds? To answer this question we multiply 3 X 10^ by 2. " 
The'product.2 x (3 x 10^) m actually consists of twp multiplications. 



'72\ 
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Since it does not matter which of the two multiplications we do first 
we have 

2 X (3 X 10^) m = (2 X 3) X 10^ m = 6 >(: 10^ m 



^ - • How far does light travel In one year or in about 3 x 10^ sec- • 
onds? Here we multiply 3 x ip8 ^y 3 x 10^. Again, w6 can rearrange 
the factors In the product. - \ 



(3 X 107) X (3 X 108) m = (3 X 3) X (10^ x lO^) 



m 



J Multiplying the coefficients gives us 3 x^3 = 9. To' See how 
to* multiply 10^ by 10^ let us write out the factors of 10. The product 
10^ X 10^ becomes 

10^ 108 

^ ^— ^ ^ A 

10 >clO X laxio X 10 X 10 X 10 X 10 X 10 X 10 X 10 X lO-x 10 x 10 x 10 
■ ^ ^ ^ ^ ^ 



ince in the product, ,10 is abactor 7+8 times, we can write 



m 



107xio8=;lo7+8 = iol5. 

Putting everything together we have 

(3 X 107) X (3 X 108) m = (3'x 3) x ( 10^ x 108) m = 9 x I0l5 

What we did in this example can be done with any two numljers in 
exponential notation. To find their product we multiply their coeffl-- 
dents and multiply the powers of ten. The exponent of a product pf 
powers of ten equals the sum of their Individual exponents. 

\ ' < ^ -73 ' • • 



i 
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Here is another example: 




(8 X lO'*) X (3 x lO^y = 24 X 10^ ' 

4.4. -Multiply: ^ 

(a) 10^ X 10.^ , * ' 

(b) 10^ X 10^ * 

(c) 10^x^0^ 

45. Multiply: ^ 

(a) 5 X (17 X lO'^) 

(b) 4 X (56; 1 X 104) 

' (c) (2 X lO'^) X (3 X 10?) 

(d) (4.8 X io2) X (6X 10^) ' ' 

(e) (§.95 X 104) X (7.2 x lO^) * 

(f) (5.82 X 10^) X 10? " 

46. Write |he following numbers in standard notation by changing 
the coefficfent ,to standard notatioh and multiplying the powers 

. of^ten., . ' , 

■\cample: 426 x 10^ = 4 .26 x 10? x 10^ = 4 .26 x 10^ 
(a) '733 X 10^ 
^ (b) 80.5 X 10^ * ■ 

(c) 520.1 )^10^ 



47 . Calculate the following products and write the answqrs in 
standard notatiton. 

(a) (2 X lO'^) X (6 X;10^) X (9 X IO^^) ' 

•(b) (3 .5 X lQL^)' x; (0. 6 x 10^)- X (2'. 0 x 10^^) * "* 



{cS\ (i5 XIO^) X (35 X'lO^^) >f5 (4 X 10^). 
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mj Suppose we want to divide 10^ by 10^. Just as with multi- 
plication ot powers of ten we start by writing out the factors of ten. 

lo£ 10 X 10 X 10 X 10 X 10 ,^ ,^ 

Io2 = 10 X 10 ■ ^ = 10 X 10 X 10 = 103- 

Note that the expcjnent 3 i^ the answer Is the difference of the expo- 
nents 5 and 2 In the quotient.. Ljet us look at another^example: 

106 ^ 10 X 10 X 10 X 10 X 10 X 10 ,n - n2 ' 

10^ " 10 X 10 X 10 X 10 - 10 X 10 - 10 



V 



These examples suggest that the exponent of a quotient of 
powers of ten equals the difference of the exponent of the numerator 
and the exponent of the denominator. 

We can generally use this property when dividing numbers | 
In exponential notatloa ^ J ^ 

Consider, for example, 8 x 10^ divided by 2 x 10^: 

, % 2 x;o2 2 102 

Therefore, to divide numbers In exponential notation we find 
the quotient of the coefficients and the quotient of the powers of ten. 
The answer is the "product of the resulting coefficient and power of 



ten. 




\m 




48. 


Divide: 


> 


(a) 10^' 



c. 



(c) 10\ 10^ 
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10^ 



49. WrlteJ:he following nuiribers In standard notation. 

. Example: 0 . 6 X 10^ = 0 . 6 X 10 X 10"^ = 6 X lO"^ 

(a) 0.8X10^ 

(b) O.OS'XIO^ ' " ■ 

(c) 0.32 X 10^ 



. J 



J 



50. Divide and write the answers In standard notation. 



(a) 



4 X 10^ ■ 



2 X 10^ 

(b) (4.7 5.x 10^) -r (2.5 X 10^) 

(c) (6.21 X lO"^) -T^O X 102) 
3 X 106 



(d) 



(e) 



1.5 X lo;* 

4.536 X IqS 
8.1 X 10^ 




51. .What Is 



(a) J of (7. 56- X, 10^°)? 

(b) ^ of (6.32 X 10^)? 
ic) -^of (32.5 X 105)? 
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Evaluate the following expressions. 
(4.2 X 10^) X (5 X 10^0) 



3 X 10 



8 



^j^^ (8 X 10^) X (2,5 X 10^) 
16 X 108 

(3.12 X IqS) X (4.1 X 10^) 
• 4 X 102 



i iTiSd( 



53. What error^s were made in calculating the following 'products? 

(a) (2 X 103) X (3 x 'iqS) = 6 x 10^5 

(b) 2 X (8 X 10^) = 16 X 10^ 

(c) (3.1 X 10^) X (2 X 10^) = 6.2 X 10^ 



54 / What errors were made In calpulatlng the followln.g quotients ? 

(a) (8 X 1010)4- (4 X 10^) = 4 x^l'O^ . 

(b) (45'x lo'S)-^ (5 X 103) =/f^^io8 

(c) .(32.4 X 108).4. (4 X 102)^ 8.1 X 10^ • ^ 



SECTION 7 SIGNIFICANT DIGITS , IN PRODIPCTS -ANDJN 
QUOTIENTS 





Consider a rectangle of 4.7 m by 5. 68 m. In this rectangle 
the leVigtha^ known to .two slgnlf-lcant. digits whereas the wfdth Is 

4 

known to three significant digits. How many significant digits 
should b? reported for the area ? Specifically', how many significant 
digits are' there In the product%4^^^7^ 5.68? v • * - 



ERIC 



77 



Consider another question, this one involving division. The 

distance from the earth Xo the sun is 1.49 x 10^^ ,m;^ light travels 

3.00 X 10^ m in one second (sec). How long does it take light from 

the sun^to reach the earth? To answer the problem we calculate the*. 

1 49 X 10^^ ^ ^ 

quotient 3*00 x 10^ * ^^^^ distance from the earth to the sun 

and the c^stance light travels in one second are given to three sig- 
nificant digits. To how many significant digits should we carry out 
the division? 



No calculations can produce results that are more accurate 
than the data used in the calculations-. For multiplication ancJ divi- 
sion, it isvgood to remember a simple rule of thumb: The number of 
significant digits in the product or the quotient of two numbers is 
not more than the number of 'significant digits In the less accurate " ■ 
of the two numbers. 

The less accurate numberjn the first question has only two 
significant digits. Therefore, the result should bB reported to only 
two significant digits. ^hat is, the^area of the rectangle is 27 
instead of 2 6.. 69 6^ m^. 

In the second question both numbers are given fo three sig- 
nificant digits. Therefore, the time it takes sunlight to reach the 
earth* is 4.97 x 102 sec and not 4.96666 x 10^ sec. 

In pra^ctice we usually carry out divisions to one more digit 
sthan we need and then we roflhc^off. For multiplication, oi> the 
* other hapd,. we do the entire multiplication before rounding. 
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In 1972, 8.8 million passj^nger cars were sold In the United 
States. Assume the average length of a passenger car to be 
5 meters, and calculate the length of a caravan made u^ of 
all these new cars. If the caravan started at your city, to 
what other city would It extend ? 

In the film 2001 . atepa'ceshlp traveled from our moon to one 
of the moons of Jupiter. Let us- suppose this distance is 
about 2 X 109 km and that the ship could travel 3 x 10^ km 
each hour. How much time will it take the spaceship to make 
this journey? 

The total number of checks that pass through the Federal ' 
Reserve banks each' day is 4 X 10^, and their total valu/ls 
$4:2 X 109. What is the average dollar value of each check? 

• ^ . ■ ■ -( ■ A ^ 

MacDonald's claims to have sold 15 blllloh^hamburgers over 
a twenty-five-year periods • ' 

(a) If eveiy person In your school ate 3 hamburgers a day, 
how rfiany hamburgers would be eaten In a year?^ 

(b) How many years would It take for them to eat 15 billion 
hamburgers? 

Measured in number of books, the largest university library 
in^the United States is at Harvard University. It has 9 x 106 
books. About how many meters of shelving do you think are 
in the library?' - , - • , 



Xh^diameter of the earth is about 1.3 x lO'' m. 

/ (a) C^fclate the volume of a .cube-shaped box in which the 
earth oM^ fit. 



(b) The actual- volume of th6 earth is about one-half that of 
the box that could fit around it."\What is the approximate 
volume of the earth in m"^ ? 

* '. ' ' ' 

(c) ' The volume of the sun is 1.3 X 10^ times the volum^ of 
the earth. What is the approximate volume, of the sua in m"^ ? 
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SEQTIdN i NUMBERS LESS THAN ZERO 




U ' For each box In the following sentences decide What numbers 
you can fill in that make sense. 

^ (a) Jennifer has CD cats. 

(b) Bruno \yent to the movles'Q times . 

(c) There are windows in the rodm.y 

^ ' . ' ^ \ 
2 . For the boxes In the sentences below what numbers can be 

filled In that you think make -sense? Are there any numbers 

^that make s^se tn these sentences^ that would not make • 

sense In any of^thQ sentences In Question I? ' / 

(a) Maria has EU'dpllars In he^; purse. 

(b) The bucket contains CU liters of water. 

(c) The car moved a distance of [U meters. 



AH theJDoxes In the sentences In the preceding questions'- - 
have one property In common: The smallest number that makes 
sense lo any of the boxes Is zero. If we put the numbers on a lljie 



< 



that make sense In the boxes In Question 2", they will all be on one 
side of the zerp (Figure 1); 



Figure 1 



(a) 
(b) 
(c) 



■4- 



0, 1 



'O 1 



4 - 



4, 



DOLLARS IN^PUR$E 
LITERS OF WATER 
METERS 



There are, however, many real situations In which numbers 

on both sides of zero^rhake sense./^ne example Is Illustrated In 

Figure 2. As-^afl know, a temperature may be lO^CJ^bove zero 

o • ' ' ( : / ^ 

or 12 C below zero* No matter where we are, the temperature rises 

as we move up the temperature llrj^ For example, we'can see' that 



and 



Figure 2 



20^ above zero < 30^ above zero 



0^ < 10^ above 




ABOVE 



TEMPERATURE IN 
DEGREES (°C) 



BELOW 



\ 



^ ( 



Similarly, as the temperature drops we see on the temperature line 
that 

and 



i 10° below < 0° 
20^^ below < 10^ below 



(Indeed, we all know that It Is colder when the thermometer reads 
20^ below than when It reads 10^ below.) 

/ ' 

Now we will consider another example of a real situation In 
which ^niiinberfm&ke sense on both sides of the zero. Assume that 
you have a sister who was bonv.^ years befor# yoU atid a brother 
who was bom 3 years after you. If you want to put the numbers*on 
a line with the zero corresponding to tfee year you were bom the 
line would e^tend^on both slde^s of the zeix>. See Figure 3 . 



Figure 3 




YOUJi BIRTH 



You^can also se^ on this years lln^hat^'a person born 1 year 
after you was b^ before the person^bom 2^ yeal^after yoy; thatfls. 



f, 



l^yea^ after < 2 yaers after 



Similarly*, someonVbom 3 y6ars before you wa;s'bom before the * 
person bom 2 years befc^re ^you; (hat Is, 

3 years before < 2 v^rs before • ^ 
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On any number line representing time, an event that occurred 
later than anoth"er is always to the right of an event that occurred 
earli^. 

In mathematics, wh\ch we use In all kinds, of situations, it 
is customary to call the numbers on the number line to t4ie right of^ 
zero" positive and those tp the left of zero negative ,. When a number 
line is drawn vertigally the positive numbers are placed above zero 
and the negative numbers below zero. 

We will be denoting a positive number bV a + sign and 
negative number by a - sign on tKe left side of th'e number. +6" Is 
read as '"positive six,"^and -1.5 is reaidas "negative one arid five- 
tenths." 'Positive and negative number^^together are called signed . 
numbers , ^ A 




3. Suggest some other" examjiles of numbers on both sides of zero 
that state real situations, ' 

4. Represent th^ following facts on tKe same number line, or. In 
this case, tlm^ axis-. 

(a) The Korean war started 9 years after the United States 
entered World W-ar n . ^ 

' Ob) World War;II started 2 years before the United States - 
. entered it. V 



(c) World War I ended 23 years b^ye the United States 
entered World War n. ' « ■ 

(d^ .The Uhlted States sent tro'ops to Vietnam 20 years after 
the United.States entered Worlc^ War II.* \ 
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On a. number line plot the following- milestones in the history 
of aviation ^nd space travel. Consider the date of the first 
, human space travel.fer to be ziero.^ 

1927. Charles Lindbergh makes first solo airplane flight 
' 'across the "^Atlantic Ocean . 

1957 • First man-pnrade satellite^ Sputnik 1/ Is launched. ^ 

,1958 First -U.S. satellite Is launched. . 

1961 First human space traveler (Yuri Gagarin). ^ 

^ • *' ^ 

1962 First American orbits earth (John Glenn). 

<b - * ' " ^ * 

|1963 First woman space traveler (Valentlna Tereshkova). 

* * j( * , ^ 

1965 Man "walks. In space." 

196.6 First soft landing Is made on 'moon's surface by 

j^nnjanned spacecraft. ' ; ^ A * ^ 

1967 American astronauts' are killed on launch pad^J flie. 

1969 ' First man walks on the, moon (Nell ArmstrDnc 

The elevations of cities and towns ar? expressed ij^ meters 
above or below sea level. ^ Plot the following data on an* 
altitude line. " ^ , . ' ' 

City or Location Elevation In Meters 

^ Boise * , ^ 820 

Death Valley ' ' -86 



Denver . * 1610 

Jericho ^ * • -5400 

Jerusalem ' - 760 

Kansas City , .230 

Mexico City . • . 2240 

New York .17 

Philadelphia 30 

Tiberias ,-210 



SECTION T ^ SIGNEp NUMBERS AND VECTORS ^ 



When.we deal only with natural (unsigned) numbers, we can 

♦ 

use the line segment between the number and zero to represent the 

number Itself. Fol^ example, In Figure 4 the segment between 0 ,an(jf 
♦ 

\can stand for the number 4 . ' 



Figure 4 ^ \ ^ \ — t I 
. ' 0 12 3 4 



As shown- In Figure 5, we can also use such* segments to rep- 
resent the numbers without the numbef line. 



\ ' 5 

Figure 5 3 
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; However, 'when we extend the^ number system to Include both 

positive and negative numbers, we can nd^ lohger| use a seg^ment for 
a simple number. The reason Is that the length of the segment, say, 
ijetwaen 0 and +3 Is. the same as the dlstapce between 0 and -3 (see 
Figure 6). 



Figure 6 



H-^-H f 1 1 f— I :H- 

-4 -3 -2 -1 0^ *1 *2 v3 >4 



\ di-stlngulsh betweeo^and -3, we ca^turn the segments, 

■into ^rrows. -Arrows pointing to the right will stWd for positive num 
' bers, dnd Arrows pointing to the, Igft will stand for negative numbers 
, -Tlxe length.of the arrows wiU represe^it the slFe or the- magnitude of 
the nujiiber (see Figure 7') , . . . - . 



Figure 7 ' 




I.- 1.3 
+4,8 



A quantity that has ^ magnitude and a direction is\called-a ■ 
' vector . Vectors have many applicationa, but ouf .immediate interest 
' is in using thero' to represent signed numbers'. - 




7. Refer to the number line in Figure' 6 to draw vfecftorg rep'resejit'- 
Ing the following numbers . \ • 



(a) 


-1.5 


(b). 


+5.2 


(c) 


-0.8 


(d) 


-3.9 



8. In the following vectors, -1 cm stands for, f unit.' What signed 
.nurr' *•' ^ . ^ .. « 

(a) 



.numbers do these vectors describe? . j 



SECTION S ADDING SIGNfe NUMBRRS 



-r-r- 



How can*>Xre des,0ilb6 the, addition of two positive numbers 
In terms of their corresponding' vectors? X^et us look at an example: 

\. (+3r+'(+2) = (+5) . ' 

In^thls case^We put the,slgned^numbers Inside parentheses to sepa- 
rate«them from. the, addition symbol. vTo do the problem using corre- 
sponding' vectors* we can draw the following diagram' (Figure 8). 

\y ■ ■ ; ■ . > 

; (+3)- 1 — -T-*i 

. ' • > • ■ : ■• ii2l j \ • - ■! - 

• , ^ ; . -(+5) . 

• . Figure 8 • " • * 

A translation of Pleura 8 Into'words reads as follow§: - 

.r Draw the ^ectbrs th^it describe the two numbers you want to 
add tall to head > The Vector that starts at the tail of the first and 
ends at the he^d of th^ second descflbeS the sum of the' two numbers 

^ This-. method wfll give the rtght an&wer for aay fwo positive 

numbers you choose so l^ig as you draw the vectors to scale. An- 
.other exa'm^e Is sh.own li^. Figure. 9 . 

(+3.0x-lO^") r 



' (+4.5 X 10^) ' f 

. Figure 9 



'We will be defining the addition of signed pumbers, whether 
positive or negative, by the tall-to-head'addltlon of- their cx)rrespond- 
Ihg vectors. Here are some, examples in which o^ie or both numbers 
are negative (Figure 10), 



• (+1) 



^ / o^ I ! * . • ■ therefore + 

(-3) r* 1^ . _3) 

? ^ . . •'>./-' (-2) 



. (-2.5) , , .... , \ ^ ^ (-2.5) 

/ o c\ - . ' ' • ! ■ ' • I th.erefore + , ■ 

.^^=^ r ■ T-". . (-3.5) 

• rtgure 10 , . 




v. 



Use vecrtbrs to ^dd t^e following signed numbers^ :' 



-Ul . . .. - 



(b) . . 



(d')^ 

' - (-4 . 6) 



>■ 

)■ ■ 



I'. 



4-10 



i 



/ 

10, Find><he following aums , 



(a) 




-2.8 






c 


-4,0 




• 

' (b) 


+ 


+4.0 




\' ^- 




-2.8 




(c) 


+ 










+1.7 

* 


cm. 


• - (d) 




+3.0 


m 






-1 7 




: -^^^ 




-2.6 


km 






-1.0 


* 

Jem 






/ . 






+ 


-i..7. 








+5.0. 












o 














■■r 


<- * 









11 . Choosing suitable scales for your vectors, find the following 
, sums. . • ^ ' ^ ' ■ ' 

/ . ^ • +3.5 X Il)>^ - ^ . • 

. ^^ ' . . ■ * . 

y . ■ -2.7 X io3 . \ 

y -7.6X10-^ 



(c) + 



-3.1 X 10® 
+ 5.5 X 10^ 

(d) «+ '-5'2X105 
■ . +3^'7 X 10 5 ' 
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Adding signed numbers as vectors is really what you do when 
you use a calculator. Entering the first number with its sign corre- 
sponds to drawihg the first vector'. Pushing the key corresponds 
to saying that the ^ext veotor will be placed tail to h^d.* Entering 
the second number correspbncjs to drawing the second vector. Finally, 

4 ■ 

pushing the key corresponds to measuring the Tengy^and noting 
the dlrectlon^pf the'f Inal veator. 



On a calculator a number without a^'sign always stands for a 
positive number; that is, +3 = 3. Negative numbers always carry ^ 
the minus sign*- "So that a negative number can be ente^d into the 
calculator, the calculator jnust tiave a- key called "change*" sign" or, 
as on some calculators, a key labeled +/-. 



If a calculator is available to you, use It to tIo Questions 9-11 . , 



I 

From the Rj^egoing questions you m^y J)ave already concluded 
that you can add signed numbers without drawing vectors. However, 
the vectors can help you remem^r 'the^foUowlng simple rules that 
you^u?'fe--w4ien adding/the numbers on papiT or In your head. c 

1 . When you add two- numbers of th^ sa sigifi, you \ 
* add- their magnitudes. The sign of the sum Is the . , 
'^^me as the sign of the two numbers. / ' * 

2 . \ Wto^iH^u add two numbers of ^different sighs, you 
subtract the number of the smaller magnitude from 
the /number of the larger flnagnltude. The sign of 
the sum Is the same as.the^slgn of the number of ^ ' 
the larger magnitude. ' 

\ > 
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12. 



.By sketching or Imaglnlng^he vectors that correspond to each 
pair of signed numbers, detenAlne which number Is closest to 
their sum\ ^ 



(+200 

(&) (+4 6.7) +,(-155.8) Is about J -1(K) 

t+110 



^ -■ . (-2.0 

(b) (-0.65) +,(-1.50) isabout' -j+2.1 

) . ^ N . 

\ V . . i ' •(+29oa 

(c) (-612) + (+2-258)' Isabout <+1600 
- • ^ (-1700 



:U. Find the followlng^^sums. Use sketches when helpful.^ 



fa) +,* 



•"(b). <^ 



'(c) -f 




-3 



(d). 



-4 



2 

10 



-2.3 



14. Find the following sums. . / 

(aY (+3.5) + (-4.6) + (-7.9) 

(b) (-7.2 X 10^) + (+6.3 X 10^) + (-11.2 X 10^) 

(c) (-0.52) + (-1.60)'+ (+3.56) 



/ 
/ 



SECTION 4 TOTAL AND AVERAGE 



7 



i 

Suppose that a person made the following' weekly deposits 
m his savings a ceo un)^ $5.00, $4.50, $6.50, and $3.00. What 
was his average dQ{X)slt over the four-week period? To find the 
ansv^er you wQuld first calculate the total deposit by adding all the 
deposits: 

Total deposit = 5.00 '+ 4.50 + 6. 50 + 3.00 = $19.00 ' 

Then you would divide by four: 

^14. $19*00 „. * 

Average deposit = ^ — = $4.75 

This way of finding ah average deposit will also work If 
during 3ome weeks the p'erson withdrew money. We simply con- 
slder the withdrawal to be a negative deposit . For example, a 
.wlthdra\}i:al of $8.00 would be considered as a deposit of $(-8.^). 
.This way the rule for flnc^lng an average deposit would be the same 
as before: First find the^ total deposit by adding all the weekly de- 
posits, and then divide by the number of wee)^ tolflnd the average. 

■ . 92 



ji7 



f ' 4-14 




For example, suppose that during a five-week period a per- 
son made the following deposits: y ' ^ ■ 

■ (-8.00), (+16.00), (+4.00), 0, (-lo.ooy 

Then, the average weekly deposit Is 

(-8.00) + (+16.00) +(+4.00) + 0 +v(-10. 00) . 

5 -$0.40 , 

* \ 

Thls^ method of finding averages works for all signed num- 
bers whether they describe deposits, temperatures, or other quan- 
,tlt|es. For example, the average of 20, -10, 30, 40, -60 Is 

20 + (-iO) + 30 + 40 +■ (-60) 



5 ^ 

/ 



15. The temoerature fn Ski City #^re'ported to be 28^F, 12^F, 
- -3^F, 9^F, -1^, 12^F, and Wf at 2 p.m. on ea6h day of a 

.certain we'ek^T What -was the average tepperatur* in Ski City 
for 2V p.m. that week? ■', v ^ 

16. During a football game, Jim Nameless carries the bali^and 
gains fhe following yardage: % 

• ^ >22, -3, -8, +12, +44, +2, +5, .+13, .r2, -l/ 

In this list los^ef are listed as negative gairrs. * i 

(a) What was Jim's total gain? 

(b) What was Jim's average gain?; 

17* A j/unlng dial^on a radio can be tumed-all the way around a 

number of times both- clockwise (+) and counterclockwise 

The dial is turned according to the following sequence: 

1 3 "1 3 1 

+1 J turns, -J turn, +2 turns, -1- turns, -~turn, +~tum, 

and *2 7 turns, ' \ ^ 



/ 
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, (a). What Is the sum of these signed numbers? . 
(b) What Is the meaning of the sum ? 

18. What are'the, following su"ms ?' ^ - 

(a) (0.100000) + (0.010000) + (0.001000) + (O.OOOlOO) 

+ (o.opoolo) + (o.qooool) 

(b) (0.100000) + (-0.010000) + (0.001000) + (-0.000100) 

+ (0.000010) + (-0.000001) 



19^, A group of students estimated a certain length to the nearest 
0.1 cm. ^They later measured the |ength and compafed.thelr- 
result with their guesses. If they*estlmated tef6 high, the 
errors were recorded a§ positive. Errors pn, the low side wer« 
recorded as negative. The data (all given In cm) were as 
follows: * ' . * 

Estimating Errots . ^ • 

- +1.2 ^"-9.3- +0.r +0.6 '(^^ • , 

+0.3 ' -0.7 ^ 0 +0.3. -0,1 

' (a) What wag the average error? \ 

ih) Whajt was the average of the errors that were, too ^hlgh? • 

(c) Wh^^was the average of the egrors^that were too lo^? 




20. (a) Write down five numbers. \ 

(b) Find their aVftrage. 

(c) Find how far above or below ^he averagN|-each of the five 
numbers Is. - - z^/ ^ 

(d) Now^erage the signed numbers you found In (c); 

(e) Departs (al through (d) for another set of five numbers. 
Is your answer to part (d),the^^,«ffrre as before? Can^'you think 
of a r^aspn why/? 




94. 
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agCilON 5,.;^ MUf-TIPLYING ANQ DIVIDING SIQNED NUMBERS 




What should be the sign of the product of two signed num- 
bers? To answer this question we will look to our expertence wlth^ 
natural' numbers for Idelas. 



When w^ extended the number line to Include negative num- 
bers, we decided to put the positive numbers where the natural num- 
bers wer^ (Figure 11). 



Figure 11 



ERIC 



Orlg inal -number line 
Extended number line 



V — I— I — I — h 



-I — h 



-3- -2 -1 



+-"-1 1 1 H 



+ 1 +3 +4 



As we know, tlje produbt qf two natural numbers is a natural 



number. There^e It makes sense to define the product of two posl-- 
tlye numbers as a positive number: For exan^pT^(+2) x (+3) = +6. ' 
In practice, we hardly ever bother to write the + signs; we simply 
take them for granted. 

What can we learn from natural members about a product of a 
positive numb^ and a negative /umber,* say, (+3) x (-4|?^We can look 
at the product of the natural numbers <3 x 4 as a repeated addltloiTr 

^ , '3x4=4 + 4+ 4 = 12 

Aid so It mikes sens^ to. define the product jfcS) x 



(-4)+ (l4)+.,(..4)^=:^pJlf? 



r4 



Thus 



t+3) X (-4) ^ -i2_ ; 



The sigh of the product' of two numbers should not depend 
on whether the numbers are Integers or not. Therefore, the product 
pf any positive and negative numbers should be negative. For ejf^ 
ampl^^ 



3 
8 




21, 



'22.. 



,. (+\.2) X (-0.60) -0.72 ■ J ^ ' 

' J - ' 
For natural numbers the ordiife<Lawhlch two numbers are multi- 
plied do^s not a'ff^^^jJi^ result^f^s fs known as the com- 
mutative law: For example, 2X3 ^.jl^ 2. If we wanf this 
law to holdjor signed numbers, what must be the sign of the 
product (-^) X (+3)? 

Multiply the following. * - / 

(a) (+4) X (-7) : - • ' . ' 

(g) (+2 X 1o3) X (-4 X 1o6)> ' ^^ 

Jd) (+a.03) X (HrbU) ' • V ^ 
^ ' (e) (+0.7) X (-8.1 X 10^) - , . . ' 



23 . Find the following, products . 



fe) + 



(b).- + 



(c) 



r 



(d) 



r 
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24. Calculate the following, 

(a) (+30)x^+-^ 

(b) ^ (+42) x(^-^ 

(c) (-50)x(+i 

(d) (+63) X (-i 



25. For natural numbers we c^n always reiplace division by a 

suitable multiplication: For example, 5-r 4 ='5 x • If we 
• 4 

want signed numbers also to have this property, what must' 
be the sign of the quotient of a positive number and a nega- 
tive ftumber? 



26. Find the following quotients. 

(a) (+27)-r(+3)' 
' ; (b) -(+28) -r (-7) 

* (c) (-0.066)-r (+0.11). 
(d) ■ (+3 X 10^)4- (-2 X 10^) 



(e) 
(f) 



(-42 X IqQ) 
(+6 ><: 102) 

(-150) " 
(+0.3) 



27. Flrid^he average of each of the following sets of numbers. 

(a) +6, -7, -15, +8, -21 - ^ ■ ' 

(b) +5.2, -0.12, +1.05, -15.2, -6.2 / 

(c) -7, +5, 0, 6, 3, -8, -12, 0, 0, 9 
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28. Suggest a quick way of finding the average of each of the 
followlng\^ets of numbers. 

(a) .-5.2, -5.2, -5.2, +3.6, +3.6, +3.6, +3.6, 

-1.4, -1.4, -1.4 

(b) +0.068, +0.068, +0.068, -0.41, -0.41, 0, 0, 0, 
-0.25, -0.25 




U So far we have established the following rules for multi- 
plying signed numbers: 

The product of two positive numbers is a positive 
number. 

The product of a positive number and a negative . 
number is a negative number. 

» n 

What should be the sign of the product of two negative num- 
bers? To answer this question, we shall again look at what we 
know about natural numbers. 

You can verify that 2 X (3 + 5) = (2 X 3) + (2 x 5) . This is , 
an example of the distributive law . The law holds true for natural 
numbers, and it makes sense that it should also apply to signed 
numbers . For example, 

(+2) X ((+5) + C~3)) should equal ((+2) X (+5)) + ((+2) X (-3)) 

Let us check if this is indeed true: 

^ (+2) X ((+5) +,(-3)) = (+2) X (+2) = +4 - 
-> ♦ 

. and 

, ((+2) X (+5)) + ((+2) X (-3)) = (+10) + (-6) = +4 



»3 



Our example illustrates that when we follow the two rules^' 
to multiply signed numbers, the distributive law holds true. 

Now let us consider the product ' 

' '(-2) X ((+5)+ (-3)) = (-2) X (t2) =-4 ^ 

Applying the distributive law to this case, we get 

; . -4 = ((-2) X (+5)) +^-2) X (-3)) 

We know that 

: ■ ^ . "(-2) X (+5) = -10 

Therefore, 

.V • -4 = -10 + ((-2) x^,,(-3j) 

This is only possible If 

- (-2) x^is) =-^6 

> ■ 

' ^ /^YoiTcan repeat this reasoni^p^ with any three signed numbers 
you choose. The product of two negative numbers has to be positive 
if the distributive law is to hold true. 



Caution: Do not make yaur bwn rule that says simply "two 
minuses make a plus." This Is true for products . The sum of two 
negative numbers Is Indeed negative. ^ 

\ 




29. . Calculate the following. 
' ' (a) (-4y^x (-5) 



(b) 'M).x(-| 
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(c), (-4) + (-5) 



(d) 



30. Find the following products, 



(a) (-24)xf#i 



(b) (^35)x(-i- 



■(c) (-2 '.3) X (-5) 
(d) (-0.04) X (+0.3) 



.to 



31'.^ Suggest a reason why, the quotient of two negative number^ 
should be a positive number. ■ • > 



32. Do the following calculations, 
(a) 



-2 5 
-50 



(b) 
(c) 
(d) 
(e) 



-Ot06 
+0.3 

•^0.56 
-70 

60 
0.2 

-500 
0.25 
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SECTIONS SUBTRACTING- SIGNED NUMBERS 



In Section 3 we learned to describe the addition of signed 
numbers In terms of their corresponding vectors. We shall now 
fotiwa slmUar method to learn how ta^ubtract signed numbers. 

/■■ ■ ■ 

/ Let us start with, two positive numbers (Figure- 12). 



I ^ 

i±2i ' — ^ 

(+4) I-. 



Figure 12 V 

i 

A translation of Figure 12 Into worlds reads as follows: 

Draw the vectors that describe the numbers tall to tall . The 
vector that starts at the head of the second vector and ends at the 
head of the first vector describes the difference of the two numbers. 

'Here Is another example (Figure 13).. 



<+5) r 



(+1) L-^ 



Figure 13 



Another way to look at Figure 13 Is to note that the answer 
vector {+\) Is whgt you have to add to the second vector (+4) to get 
the first (+5). - ' 



, We will now define the subtraction of any signed number by 
the ta'il-to-tall subtraction of their coirespondlng vectors.' Consider 
ain example In vyhlch both numbers are positive but the second one 
Is larger than the first (Figure 14) 



Figure 14 



(+3) 



(+7) ^ 



therefore - 



(+3) 

(+7) " 

(-4) 



Figure 15 illustrates the subtractions in which at least one 
f the numbers is negative, v * 



V 

/ (+4 . 5) '■ 

(-2.0) r- 



' r 



Figure 15 



therefore - 



(+4.5) 

(-2.0) 
^6.5) 



(-2 . 5) 
(+3 . 5) 



therefore - 



(-2.5) 

(+3 . 5) 
(-6.0) 



(-3.0) 

(-4 : 5) r 



therefore - 



(-3.0) 
(-4.5) 
(+1.5) 
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33. Draw vectors to subtract the following signed numbers, 
(+2) ■ • ^ 



(a) - 



(b) - 



(c) - 



(d) - 



(e) - 



(-4) 

(+4) 
til 

(-6) 

Mi 

(-7) 

m 



/ 



34, ■ Find the'foUowing differences! 



^ 



(a) - 



(b) - 



(c) - 



(d)- - 



(e) - 



(+2.5 
(-4.0 



/ 

(-3.2 
(-6.6 



(-5.3 
(+7.8 

(76.5 
(-7.2 

(+1.8 
(4r5.3 
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35. Choosing suitable scales for your vectors, find the following 
' . differences. 

(+5X103) , 1^ 



(a) - 



(b) - 



(c) - 



(d) - 



(+2 X 10 3) 

(-6 X 10'') 
(t8 X 10^) 

(-4 X 10"*) 

(+8 X lo"^) 

- .. ' 
(+6.5, xio9) 

(+7.0 X 10^) - 



\ 




Just as In the case of addition, you can subtract signed 
numbers without drawing vectors to scale. Nevertheless, a vector 
sketch can help you apply the following simple rul^when sub- ^ 
tractlng slgrfed number^ In your head.*. 

1 . When you subtract two numbers of the same sign 
you subtract their magnitudes. The -sign of the 
result can be seen from a sample vector sketch. 

2. When you subtract two numbers of opposite signs 
you add thetr magnitudes. Again, the sign of the 
answer can he seen fr:om a rough sketch. 




36. By sketching or Imagining the vectors that correspond to each 
pair of signed numbers, determine which humber Is? closest 
to their difference./ , ' - 

'\ 

(a) (-25.6) - (+150.8) Is ab,6ut 



• ° (+125 
5>ut I -175, 
• * -12 5 
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4 



» ^+1.4 » 

(b) (+0.85) - (+2.2) Is about 



/+1.4 
ibout <-1.4 
(»-3.1 



£+900 

(c) (+521) - (-350) Is about (-200 

(+200 



37. Find the following differences, 

(a) (-1.5) - (-2.6) 

(b) (+7.6) - (-1.9) 

*(c) (+8^) -(+12) 

(d) (-25) -(+54) 

(e) (+0.05) - (+0.007) 

(f) (-0.6)-- (-1.8) 



Describing sighed numbers by vectors helped us In two ways: 

(1) to define the addition and subtraction of signed numbers, and 
. i» , ■ ' 

(2) to check vjhether an answer Is reasonable. . . ' ' 

However, once you have had enough practice, you may want 
to add and subtract "^signed numbers without drawing vectors. In this 

cas6, the following rules are worth remembering. 

I . 

i " ' ' 

Adding two signed numbers 

I 

If the^ signs are the same, In each case, the sign of 

add the magnitudes. the sum Is the sign of 

. / ^ ^ . the number that has the 

If the, signs are different, ^^rr^k^ ^.•swr.if m.^^ 

* ^ ^. , larger mBgnltuae. 

subtract the magnitudes. 



If the signs are the sarpe, 
subtract the magnitudes. 

If the signs are different, 
add the magnitudes. 



r> If the number that has the 
larger magnitude is 
first, the sign of the 
difference Is the sign 
of the number with the 
larger magnitude. 

If the number that has the 
larger magnitude is 
second, the sign of the 
difference Is the oppo- 
^ site of the sign of the ♦ 
number with the larger 
magnitude. 




38. 



Choose numbers and use vect^ sketches to Illustrate the 
rules for each of the following. 

(a) addition of two numbers tha^have the same signs 

(b) addition of two numbers ^^hat' have opposite signs 

(c) subtraction ot two numbers that have Jthe same signs * 

(d) subtraction of two numbers that have opposite signs 



39, 



Follow' the rules to do the problems below. 



(a) - 



+5 
+3 



(d) + 



+3 
-5 



-5 
-3 



(c) 



-3. 
+5 



(e) 



(f) - 



-7 
-7 



-6 



/ 



• IDS 



4D. (a) (-4.7) + (+6.8) 

(b) (-3.6) - (+5.7) 

(c) (-1.8) + (-6.9) 

(d) (+5.3) + (-1.4) 

(e) (+8.3) - (+11.7) 



SECTION 7 CHANGE AND PERCENT CHANGE 




41. The height of a child was 132 cm on January first and 138 cm 
on June first of the same year. ' By how much did the child's 
height change during the five months? 

r> 

42. (a) The price of a clock rSclio was first $32.95 and then 
$49*. 95. What was the change in the price of the radio? 

(b) The price of a calculator was first $18.30 and then 
$15.75. By how much did the. price of the calculator change? 



The question "by how much 'has something changed" is 
answered by subtracting the earlier value from the later value. 
WitH signed number's the difference between the later and earlier 
values also makes sense, no ma-tter'what numbers are used. Here 
are some additional examples: 



Mildred's v\{^ight was first 129 pounds 
and then 124 pqund^. The change in her 
weight was 124 — 129 ="-5 lbs . 
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Joshua^s weight was first ,124 pounds 
and then 129 pounds* His weight chaugecl 
' by 129 - 124 - +5 lbs. 

In every case we take the later Xfilue and subtract the earlier from 



it 




The table below lists 10 a.m. and 2p.m. temperatures in 
degrees Farenheit on the same day at differ^t locations. ' 
By how much" did the temperature change at each placg^ • 

' . . . Location - Temperature in °F 

' • 10 a.mV * 2 p.m. 

Los Angeles, California 53 * 

Little ^Ic; Arkansas , 15 ' 8 * 

Blsmar^HpNorth Dakofa - ' "^§*f«? 7^2 

Albany,, New York - 8 ' -13 * 

Cincinnati, Ohio 4 ^ - - 5 ^ + 7 -^^^ 

44.^ The following chart shows the batting average of Joe Whiff 
^ at the end of each month last season, ' ' * 

. April ^ .253 /August .242 

i May .271 ■ ^ September .257 

June .275 -^ 'October .2^1 * 

July .269 ^ ' . ' ' * 

(a) Represent this'data in a' bar graph. • X 

A (b) During which month did Joe's average improve Ae most?. 
By how much did it improve? s ^ 



(c) During, which mpnth did' Joe siiffer the wor^t s^inip? 
How big was hiS slump? ^ - \ . ^ /< 



if 




You often hear'or see statements such as "The price of milk 
went up 12%,"yor "Radios 20% off." Such statements also express 
cljange,. ^although they do not tell us by how many dollars the price 
changed. They give the percent change that is, the ratio of the 
change In price to the old' price/ expressed in hundredths. 



The statement about milk means 

""""n^T ^y^ -«-0.12-= 12% 
Old price/ 



Suppose that the old price were 84 then 

Change in price = +12% of 8.4 
. ' = +,0.12 X 84<: 

And the new price becomes. 

New price = old price +-change 

• = 94<;: 




^ ■ i 

When there is a drop in price, jthe change is negative. 
ijf^ statement about the radio says 

>Chanqe in Prlce , 
Old price 



103 



1 
I. 
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Suppose the old price were 18.00 dollars. Then 
Change in price = -20% of 18. '00 dollars 
- -0.20 X 18.00 dollars 
' ' . = -3.60 dollars. 

Again, 

New price = old price* + change h 

= 18.00 dollars + (-3.60 dollars) 
= 14.40 dollars . 




45* Becfius^of increased prices, the cost of a ^25.00 radio 
jvent up 15%. ' \ , 

(a) What was the change in the cost of the radio? 

(b) What was the cost of tlie radlo^after the increase^? . 

46. Martha noticed a pocket qalculator hsted at $17.88 that was, 
^ ' on sale at 30% off. 

- (a) What was the percent change in price? ' ' 

(b) What was the chanqe in price? 

(c) What Was the sale price of the calculator? 

^47. A (iecorative candle listed at $4,90 is on sale at 20% off. 
y (a) • Find the price change . ^ * 

. (b) Find the sa^e price . 
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